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Abstract 

In this paper we use the technique of Hopf algebras and quasi-symmetric functions to study 
the combinatorial polytopes. Consider the free abelian group V generated by all combinatorial 
polytopes. There are two natural bilinear operations on this group defined by a direct product x 
^ and a join * of polytopes. It turns out that (V, x) is a commutative associative bigraded ring of 

polynomials with graduations (2n, 2(m — n)), where n is the dimension, and m is the number of 
facets of a polytope. (V, *) is a commutative associative ring without a unit. If we add the empty set 
as a ( — l)-dimensional polytope, then it gives a unit, and we obtain the commutative associative 
, threegraded ring of polynomials 1ZV with graduations (2(n + 1), 2(v — n — 1), 2(m — n — 1)), where 

\^») ■ v is the number of vertices of a polytope. The ring 1ZV has the structure of a graded Hopf algebra 

and the natural correspondence P — > L(P) that sends a polytope to its face lattice embeds 1ZV into 
the Rota-Hopf algebra 1Z of graded posets as a Hopf subalgebra. It turns out that V has a natural 
Hopf comodule structure over the Hopf algebra 1ZV. Faces operators dk that send a polytope to 
the sum of all its (n — k) -dimensional faces define on both rings the Hopf module structures over 
the Hopf algebra U that is universal in the category of Leibnitz-Hopf algebras with the antipode 
i^h ' Uk —>■ ( — l) k Uk- This structure gives a ring homomorphism R —¥ Qsym ® R, where R is V or 

1ZV. Composing this homomorphism with the characters P" — > a" of V, P n —¥ a n+1 of 1ZV, and 
with the counit we obtain the ring homomorphisms f:"P—> Qsym[a], fnv '■ TVP — > Qsym[a], and 
F* : 7ZP —> Qsym, where F is the Ehrenborg transformation. We describe the images of these 
homomorphisms in terms of functional equations, prove that these images are rings of polynomials 
over Q, and find the relations between the images, the homomorphisms and the Hopf comodule 
structures. For each homomorphism /, fizv, and F the images of two polytopes coincide if and only 
if they have equal flag /-vectors. Therefore algebraic structures on the images give the information 
about flag /-vectors of polytopes. The homomorphism / is an isomorphism on the graded group 
BB generated by the polytopes introduced by M. Bayer and L. Billera to find the linear span of flag 
/-vectors of convex polytopes. This gives the group BB a structure of the ring isomorphic to f(V). 
Developing this approach one can build new combinatorial invariants of convex polytopes that can 
not be expresses in terms of flag numbers. 
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1 Introduction 



Convex polytopes is a classical object of convex geometry. In recent times the solution of problems 
of convex geometry involves results of algebraic geometry and topology, commutative and homological 
algebra. There are remarkable results lying on the crossroads of the polytope theory, theory of complex 
manifolds, equivariant topology and singularity theory (see the survey [BR)- The example of successful 
collaboration of the polytope theory and differential equations can be found in [Buchj . 

To study the combinatorics of convex polytopes we consider the free abelian group V generated 
by all combinatorial convex polytopes. It turns out that this object has a rich algebraic nature. The 
direct product x defines on V the structure of a bigraded associative commutative ring (V, x) with 
graduations (2n, 2(m — ra)), where n is the dimension, and m is the number of facets of a polytope. 
The bigraded structure gives the decomposition of V into a direct sum of finitely generated free abelian 
groups 



v = v ° + E E v 



2n, 2(m — n) 

m>2 n=l 



The duality operator * defines on V another multiplication P o Q = (P* x Q*)* . 

The join of two polytopes is a bilinear operation of degree +2. Then (V, *) is a commutative 

associative ring without a unit. Set 1ZV — Z0 V . The empty set may be considered as a (— 1)- 
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dimensional polytope such that X P = P. Then the free abelian group 1ZV has the structure of a 
threegraded commutative associative ring with graduations (2(n + 1), 2(v — n— 1), 2(m — n — 1)), where 
u is the number of vertices of a polytope. It turns out that 1ZP is a graded Hopf algebra with graduation 
2(n + 1) and the comultiplication 

a(p) = F ® ( p / F ) 

0CFCP 

The correspondence P -> L(P), where I/(P) is a face lattice of a polytope P defines an embedding 
of 1ZV as a Hopf subalgebra into the Hopf algebra 1Z of graded posets introduces by Joni and Rota in 

urn- 

In the focus of our interest we put the ring of linear operators £(R) = Homz(R, R), where R = V 
or 1ZV, and its subring V generated by the operators dk, k ^ 1 that map an n-dimensional polytope to 
the sum of all its (n — fc)-dimensional faces, d = d\ is a derivation, so R is a differential ring. 

The ring T> has a canonical structure of a Leibnitz-Hopf algebra (see Section 3.2). We prove that V 
is isomorphic to the universal Hopf algebra in the category of Leibnitz-Hopf algebras with the antipode 
X {d k ) = {-l) k d k . 

V ~ Z/J v 

where Z = Z(Zi, Z2, . . . ) is the universal Leibnitz-Hopf algebra - the free associative Hopf algebra with 
the comultiplication 

AZ fe = z i®Z h Z = l, 
and Jd is the two-sided Hopf ideal generated by the relations (~^T z i z j = 0, n 1. 

i+j—n 

This algebra appears in various application of theory of Hopf algebras in combinatorics: over the 
rationals it is isomorphic to the graded dual of the odd subalgebra S- (Qsymfti, t%, . . . ] , Cq) ABS, 
Remark 6.7], to the algebra of forms on chain operators [BLiul Proposition 3.2], to the factor algebra of 
the algebra of Piery operators on a Eulerian poset by the ideal generated by the Euler relations [BMSW, 
Example 5.3]. 

The action of I? on R satisfies the property D U (PQ) = fi o (A£> W )(P ® Q), so the ring R has the 
structure of a Milnor module over T>. 

The graded dual Hopf algebra to Z is the algebra of quasi-symmetric functions Qsym[f 1, t%, ■ ■ ■]■ The 
character £ a : V — > Z[a], P" — > a n induces the homomorphism V — > V* [a], and the composition with 
the embedding T>* C Qsym[ii, £2, ■ • ■ ] gives the ring homomorphism 

/:P^Qsym[ti,i 2 ,...][a] 

We call /(a, tx, . . . ) the generalized /-polynomial. In can be shown that /(a, ti, 0, 0, . . . ) = /i(a, t) 
is a homogeneous /-polynomial in two variables introduced in |Buchj . For simple polytopes we have 
f(a,t 1 ,t 2 ,...) = fx (a, h+t 2 + ...)• 

The homomorphism / can be considered in a more general context. The structure of a right 
Milnor module on the ring R over the universal Hopf algebra Z defines a left Hopf comodule struc- 
ture R — > Qsym ® R. Then any ring homomorphism R — > 1Z\ defines the ring homomorphism 
R — > Qsym®lZi. In particular, the character P" — > a n defines the ring homomorphism / : V — > Qsym[ot\. 
the character e Q (P") = a n+1 defines a ring homomorphism fnv ■ TiV — > Qsym[a], the counit e defines 
a ring homomorphism F* : 1ZV — > Qsym such that F(P) is the Ehrcnborg P-quasi-symmetric function of 
a graded poset L(P). The image of two polytopes under any of homomorphisms /, f-RV, or F* coincide 
if and only if the polytopes have equal flag /-numbers. 

It turns out that there is a nice algebraic structure including the rings V and 1ZV. Namely, the 
formula 

A RT ,F= Yl P ® (P/ P) 

FCP 

defines on the ring V the structure of a graded Hopf comodule over the Hopf algebra 1ZV with respect to 
graduations defined by dimension of a polytope. This approach clarifies the structures mentioned above 
and allows us to build new ring homomorphisms from the ring of polytopes V to rings of polynomials 
such that the image of a polytope is not determined by its flag /-vector. On this way one can build new 
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combinatorial invariants of polytopes that can not be expressed in terms of flag numbers. This will be 
the topic of our next article. 

The paper has the following structure: 

Section 2 describes the main definitions and constructions involving convex polytopes. 

- part 2.1 contains the main definitions and considers the basic constructions involving polytopes; 

- in part 2.2 the ring of polytopes V is defined. 

- in part 2.3 we establish the structure of a graded Hopf algebra on the ring 1ZP and consider it as 
a Hopf subalgebra of the Rota-Hopf algebra 1Z. 

- part 2.4 is devoted to linear operators defined on the rings V and 1ZV. In particular, the faces 
operators dk are defined. 

- part 2.5 recalls important facts about flag /-vectors and emphasizes some peculiarities we need in 
this paper. 

Section 3 is devoted to necessary definitions and important facts about quasi-symmetric functions 
and Hopf algebras. 

- part 3.1 contains the definition of quasi-symmetric functions; 

- part 3.2 includes the definition of Leibnitz-Hopf algebras; 

- part 3.3 - of Lie-Hopf algebras; 

- part 3.4 describes the idea of the proof of the shuffle-algebra theorem. 

Section 4 contains topological realizations of the Hopf algebras we study. 
In Section 5 the structure theorem for the ring T> is proved. 
In Section 6 we define and study the generalized /-polynomial. 

- part 6.1 contains the construction of /; 

- in part 6.2 we find the functional equations that describe the image of the ring V in Qsymfii, t2, . . . ] [a]. 
These equations are equivalent to the generalized Dehn-Sommerville equations discovered by 
M. Bayer and L. Billera in |BBj . 

- part 6.3 describes the properties that define the generalized /-polynomial in a unique way. 
In Section 7 we study the Hopf algebra T>* as a Hopf subalgebra in Qsym. 

- in part 7.1 the main theorem is proved; 

- part 7.2 contains the applications of the main theorem. In particular, the image of the ring of 
polytopes V in T>* [a] under the natural mapping ip a is found. 

In Section 8 the multiplicative structure of the ring /(V ® Q) is described. We prove that f(V ® Q) 
is a free polynomial algebra with dimension of the 2n-th graded component equal to the n-th Fibonacci 
number c„ (co = c\ — 1, c n+ \ = c n + c n _i, n 1). This gives the decomposition of the Fibonacci series 
into the infinite product 

^ oo oo ^ 

1-t-t 2 = ^ c " r = n (i _ ^ ' 

where ki is the number of generators of degree 2i. The infinite product converges absolutely in the 
interval \t\ < v/ ^~ 1 . The numbers k n satisfy the inequalities fe n +i ^ ^ N n — 2, where N n is the 
number of decompositions of n into the sum of odd numbers. Moreover, standard methods allow one to 
find the explicit formula for k n , which in the case of prime p has the form 



K — / > 
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In Section 9 we introduce the multiplicative structure on the graded group BB generated by the 
Bayer-Billera polytopes arising from the isomorphism with the ring f(P). 

Nowadays Hopf algebras is one of the central tools in combinatorics. There is a well-known Hopf 
algebra 1Z of posets introduces by Joni and Rota in |JR] . Various aspects of this algebra were studied 
in [Ehrl IABS, SchTl [Sch2] . The generalization of the Rota- Hopf algebra was proposed in [RS . In jEhrj 
R. Ehrcnborg introduced the P-quasi-symmetric function, which gives a Hopf algebra homomorphism 
from the Rota- Hopf algebra to Qsym^!,^, • • •]• Section 10 contains the following results: 

- in part 10.1 we consider the Hopf comodule structures arising from the Hopf module structures 
on the rings V and 1ZP over the Hopf algebras Z and T>; 

- in part 10.2 we describe the ring homomorphisms that arise from this structures. As an example, 
we show how the generalized /-polynomial and the Ehrcnborg P-quasi-symmetric function appear 
in this context; 

- part 10.3 contains the definition and the main properties of the natural Hopf comodule structure 
on the ring V over the Hopf algebra 1ZP C 1Z; 

- part 10.4 describes the interrelations between the Hopf comodule structures and the homomor- 
phisms arising in this section. In particular, it is shown that the Hopf comodule structures from 
parts 10.1 and 10.3 are related by the Ehrenborg transformation. 

Section 11 is devoted to the cone and the bipyramid operators C and B used by M. Bayer and 
L. Billera |BBj to find the linear span of flag /-vectors of polytopes. We show that the operations 
C and B can be defined on the ring Qsym[ti, t2, ■ ■ ■ } [a] in such a way that /(CP) = Cf(P) and 
f(BP) = Bf(P). The same idea works for the ring TIP and the homomorphisms fizv, and F*. 

- in part 11.1 we consider the case of V] 

- in part 11.2 - the case of HP. 

Section 12 deals with the problem of the description of flag /-vectors of polytopes. For simple 
polytope g-theorem gives the full description of the set of flag /-vectors. As it is mentioned in |Zlj even 
for 4-dimensional non-simple polytopes the corresponding problem is extremely hard. We show how 
this problem can be stated in terms of the ring of polytopes. 

This article contains the results and corrections of some inaccuracies made in the work [BuchEj . 

2 Polytopes 

2.1 Definitions and constructions 

This section contains main definitions and constructions from the polytope theory. For details see the 
books [Gb], [Z2], [BP] . 

There are two algorithmically different ways to define a convex polytope. 

Definition 2.1. A V -polytope is a convex hull of a finite set of points in some M. d . 

Definition 2.2. An TL-polyhedron is an intersection of finitely many closed halfspaces in some R d . An 
%-polytope is a bounded H-polyhedron. 

The classical fact that these two definitions are equivalent is proved in different books, for example 
in [Zl Theorem 1.1]. 

The dimension of a convex polytope is the dimension of its affine hull. Without loss of generality in 
most cases we will assume that an n-dimensional polytope P lies in the space W 1 . 
It is not difficult to prove the following lemma: 

Proposition 2.3. Any n-dimensional convex polytope P n up to a translation can be represented in the 
form: 

P n = {x e R" : (a,, x) + 1 > 0, i = 1, . . . , m}, (1) 
where the system of inequalities is irredundant, that is the absence of any one of them changes the set 

pn 
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In this case the polytope P n has exactly m facets 

Fi = P n n{x€ M" : (a j: , x) + 1 = 0}, i = l,...,m. 
Proof. It is enough to make by a translation the origin the inner point of P. □ 

Two polytopes P n and Q n arc said to be combinatorially equivalent if there exists a bijection between 
their face lattices L(P) and L(Q) that preserves an inclusion relation. A combinatorial polytope is an 
equivalence class of combinatorially equivalent convex polytopes. 

The notion of the general position from the point of view of two different definitions of a convex 
polytope give two special classes of polytopes. 

Definition 2.4. A polytope P n is called simple if any vertex of P belongs to exactly n facets. 

A polytope P n is called simplicial if any facet of P is an (n — l)-dimensional simplex (i.e. contains 
exactly n vertices). 

Definition 2.5 (dual polytope). Let P n be an n-dimensional polytope ([1]). Then a dual (or polar) 
polytope is defined as 

(P™)* = {y e R" : (y, x) + 1 > 0, Va; e P n }. 
It can be shown (see, e.g. |Z2j ) that 

(P n )* = convjoj, i = 1, . . . , m}, 

and (P*)* = P. 

There is a bijection F < — > F^ between the «-faces of P and the (n — 1 — i)-faces of P* such that 

For any simple polytope P its polar polytope P* is simplicial and vice versa. 
Definition 2.6 (face polytope). For the face F of the polytope P let us define a face polytope P/F as 

P/F=(F <> )* 

It is easy to see that the face polytope has dimension dim P — dim F — 1 and the face lattice 

L(P/F) = [F, P] = {G G L(P) : P C G C P}. 

Example 2.7. Let P™ be a simple polytope. Then for any proper /c-dimensional face F of P we have 
P/P = A""^ 1 . 

Definition 2.8 (direct product). For two polytopes P™ 1 C R ni and Q n2 C M™ 2 with mi and m-i facets 
respectively the direct product 

pm x qu 2 = .r^ y j c R ni x R « 2 . j,. g pnij y e M n 2 } 

is an [n\ + ?i2)-dimcnsional convex polytope. Its faces are direct products of faces of P™ 1 and Q 712 . In 
particular, it has mi + mi facets. 

Definition 2.9 (operation o). For two polytopes 

P" 1 ={xel"': (of, x) + 1 ^ 0, i = 1, . . . , mi}, 
Q™ 2 = R" 2 : (6i,») + l>0, i = l,...,m 2 } 

let us define the polytope 

P«i o Q" 2 = conv(P ni x {0} U {0} x Q" 2 ) c R" 1 x R n ' 2 
Proposition 2.10. For two polytopes P" 1 and Q 112 represented in the form {!]) we have 

(P m x Q 712 )* = (P ni )* o (Q" 2 )* 
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Proof. The polytope P™ 1 x Q" 2 is defined by the inequalities 

(oj, x) + 1 > 0, i = 1, . . . ,mi, (6j, y) + 1 > 0, j = 1,. . .,m 2 , 

therefore, 

(p ». x gn 2) * =conv{(o i ,0),(0,6 j ), i = l,...,m l5 j = l,...,m 2 } = (P™ 1 )* o(Q" 2 )* 

□ 

Since the product of two simple polytopes is again a simple polytope, we see that for any two 
simplicial polytopes P and Q the polytope P o Q is again simplicial. 

Example 2.11 (bipyramid). Let us define a bipyramid as BP = I o P. Then we have (BP)* = I x P* . 

Definition 2.12 (join). For the space R™ let A n_1 be the regular simplex conv(ei, . . . , e„), where 
e t = (0,...,0,1,0,...,0) is the i-th basis vector. Let P ni C and Q" 2 C R" 2+1 be polytopes 

lying in the regular simplices A™ 1 and A™ 2 . A join P * Q is defined as 

P*Q = conv(P x {0} U {0} x Q) C x M" 2+1 

It is easy to see that the polytope P * Q lies in the regular simplex A ni+ ™ 2+1 . 

From this construction is evident that the join is an associative operation. 

Remark 2.13. In the definition of the join we used the polytopes that lie in the regular simplices. In 
fact, the affine type of P X Q does not depend on the positions of P and Q in the regular simplices, 
moreover, it depends only on the affine types of P and Q. 

Indeed, let {vi, . . . , v ni +i} be the set of vertices of P in general position, and {wi, . . . , w n2+ i} be the 
set of vertices of Q in gen eral position . Since the origin O = G C x R" 2 +1 do cs no t belong 

to aff P, the vectors Ovi, . . . , Ov ni +i are linearly independent. Similarly the vectors Owi, . . . , Ow n2+ \ 
form a basis in R™ 2+1 . Then the vectors Ovi, . . . , Ov ni+ \,Ow\, . . . , Ow n2+ i are linearly independent in 
R ni+1 xl B2+1 , and the set of points v\, . . . , v ni+ i, w\, . . . , w n2+ i is in general position. This implies that 
dimP ni X(3" 2 = m+n 2 +l. Now for any two realizations (P e A™ 1 , Q e A™ 2 ) and (P' e A n \Q' e A™ 2 ) 
the correspondence »j -> t(, «ij ^ u^- defines an affine isomorphism aff P * Q ~ aff P' * Q' such that 
P -)■ P', Q Q'. Then conv(P UQ)^ conv(P' UQ'),soPxQ~F'x Q'. Since the affine types of P 
and Q are uniquely defined by the sets of points {vi} and {wj}, we see, that the affine type of P * Q 
depends only on the affine types of P and Q. 

Proposition 2.14. P™ 1 * Q" 2 is an (m + n 2 + 1) -dimensional polytope. 

Faces of P X Q up to an affine equivalence are exactly FtG, where 0CPCP, 0CGCQ are 
faces of P and Q respectively. 

Proof. For the proof see Appendix A. □ 

Corollary 2.15. The face lattice L(P X Q) is the direct product of the face lattices L(P) and L(Q). 
Therefore the join operation is well defined on combinatorial polytopes. 

Remark 2.16. The join P * Q can be defined in more invariant terms - as the convex hull of P and Q 
provided they are placed into affine subspaces of some such that their affine hulls aff(P) and aff(Q) 
are skew. 

Example 2.17. For the simplices A k and A' we have A fc * A' = A fe+ ' +1 . 
Proposition 2.18. For two combinatorial polytopes P and Q 

(P*Q)* = P* *Q* 

Proof. Indeed, the faces of the polytope (P * Q)* have the form (P X G)<>, and (P * G)<> C (P' * G')<> 
if and only ifF'xG'CFxG, i.e. F 1 C F,G' C G, which is equivalent to P^ C (F') , G<> C (G') . 
Therefore the correspondence (P * G)^ < — >• P^ * G^ is a combinatorial equivalence of the polytopes 
(P*Q)* and P* XQ*. □ 

Example 2.19 (cone). Let us define a cone CP as pt *P, where pt is a point. Then (CP)* = C(P*). 
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2.2 Ring of polytopes 

Definition 2.20. Denote by V 2n the free abelian group generated by all rt-dimcnsional combinatorial 
polytopes. For n > 1 we have the direct sum 

•p2n ^ y p>2n, 2(m — n) 

where P n £ -p 2 n,2(m-n) jf j t j g a p iytope with m facets, and rankP 2 ™' 2 '" 1- ™) < oo for any fixed n and 
m such that n < m. The product of polytopes P x Q turns the direct sum 

m— 1 

-p _ -p2ri _ -pO _|_ <p2n, 2(m-n) 

n^O m^2 n=l 

into a bigraded commutative associative ring, a ring of polytopes. The unit is P° — pt, a point. 
Let us denote V [2n] = V° © P 2 © • • • © V 2n . 

The direct product P x Q of simple polytopes P and Q is a simple polytope as well. Thus the abelian 
subgroup V s C V generated by all simple polytopes is a subring in V . 

Definition 2.21. A polytope P n is called indecomposable if it can not be decomposed into a direct 
product Pi x P2 of two polytopes of positive dimensions. 

Proposition 2.22. V is a polynomial ring generated by indecomposable combinatorial polytopes. 
For the proof see Appendix B. 

Since the polytope P = Pi x P 2 is simple if and only if the polytopes Pi and Pi are simple, V s is a 
polynomial ring generated by all indecomposable simple polytopes. 

Since (P*)* = P, the correspondence P — > P* defines an involutory linear isomorphism of the ring 

V. 

Any isomorphism of graded abelian groups A : V — > V defines a new multiplication 

Px A Q = A-\AP x AQ) 

such that A is a graded ring isomorphism (V, Xa) — > ("P, x). 
In particular, * defines the multiplication 

PoQ = (P* x Q*)* 

Definition 2.23. Let us define an alpha- character £ Q : V — > Z[a]: 

e a (P") = a" 



2.3 The Rota-Hopf algebra 

Definition 2.24. Let P be a finite poset with a minimal element and a maximal element 1. 

An clement y in P covers another clement x in P if x < y and there is no z in P such that x < z < y. 

A posct P is called graded if there exists a rank function p: P — > Z such that p(0) = and 
p{y) = p(x) + 1 if y covers x. It is easy to see that if a rank function exists, then it is determined 
in a unique way. 

Set p(P) = p(l), and deg(P) = 2p(P). 

Two finite graded posets are isomorphic if there exists an order preserving bijection between them. 
Let us denote by TZ the graded free abelian group with basis the set of all isomorphism classes of 
finite graded posets. 

TZ has the structure of a graded connected Hopf algebra: 

• The multiplication P • Q is a cartesian product P x Q of posets P and Q: let i,u£P, and y,v E Q. 
Then 

(x, y) ^ (u, v) if and only if x ^ u and y ^ v 
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• The unit element in 1Z is the poset with one element 0=1 

• The comultiplication is 

A(P)= Y [0,z]2)[z,i], 

where [a;, y] is the subposet {z G P \x ^ z ^ y}. 

• The counit e is 

'l, if 6 = i; 



e(P) = 
• The antipode x is 



0, else 



X( p ) = X^XX -1 )*^ ' 3 ^ ' t^ 1 '^] ■ ■ ■ \ x k~i,x k ], 
fc^O c k 

where Ck = (0 = xq < xi < • • • < Xk = 1) 

The Hopf algebra of graded posets was originated in the work by Joni and Rota |JR| . Variations of this 
construction were studied in [Ehrl lABS, Schll [Sch2] . The generalization of this algebra can be found in 



Example 2.25. The simplest Boolean algebra B\ — {0, 1} is the face lattice of the point pt. 

A(Si) = 1 ® Bi + B 1 <g> 1 
X (B 1 ) = -Bi 

Definition 2.26. There is a natural involutory graded ring isomorphism * of the ring 1Z. For a graded 
poset P let P* be a graded poset consisting of the same elements but with the reverse inclusion relation, 
i.e. x y if and only is x ^p* y. Then p(P*) = p(P), and A(P*) = * eg) *(t-r,AP), where t-ji is a ring 
homomorphism 1Z <8> TL — > 7Z ® TZ that interchanges the tensor factors Tn(x <£> y) = y <£> x. 

Definition 2.27. A join of polytopes defines a bilinear operation of degree +2 on the ring P. It is 
associative and commutative, so (P, ■&-) is a commutative associative ring without a unit. 

Let us add a formal unit of degree —2 corresponding to the empty set. Thus 0^P = P^0 = P. 

Let us denote the ring (P 1,0, 3e) by 1ZP. Then 1ZP is a commutative associative ring. 

Given two polytopes: P ni with v\ vertices and m\ facets, and Q™ 2 with vi vertices and facets, 
the polytope P ni xQ™ 2 has dimension rii + ri2 + 1, while its number of vertices is V\ + 1>2, and its number 
of facets is mi + m^. 

Therefore TIP is a threegraded ring with graduations 2(n + 1), 2(v — n — 1), and 2(m — n — 1), 
where n = dimP, v is the number of vertices, and m is the number of facets. The duality operator * 
interchanges the graduations 2(v — n — 1) and 2(m — n — 1). 

Remark 2.28. Let us recall that in the ring P the polytope P has two graduations 2n and 2(m — n). 
We have v(P x Q) = v(P) ■ v(Q), so the number of vertices does not give the third graduation in this 
case. 

Definition 2.29. Let us denote by SP the graded abelian subgroup consisting of all self-dual elements 
of the ring 1ZP. According to Proposition 12. 181 it is a subring in 1ZP. 

Example 2.30. SP contains the subring generated by simplices and all polygons M%. 

The correspondence P — > L(P) defines the homomorphism of abelian groups L :P © Z0 — » 1Z. It is 
an injection. Since L(P*Q) — L(P) ■ L(Q), it is a homomorphism of graded rings PP — > P. Moreover, 

l{p*) = L{py. 

Definition 2.31. Since 

A(i(P))= Y, [0,F]®[F,P}= Y L(F)®L(P/F), 

0CPCP 0CFCP 

we see that L(7ZP) is a Hopf subalgebra in 1Z, therefore it induces a Hopf algebra structure on the ring 
UP: 
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The co-multiplication in TZV is 

A(P) = J2 F®P/F- 



0CFCP 



The counit is 

e(P) 

The antipode \ IS defined as 



1, ifP = 0, 
0, else; 



= E E (-l) fe (^o) * (F2/F1) * • • • * (F k /F k ^). 

feJsO = F o CFiC---CF fc =P 

Remark 2.32. Let r^-p : TvLP ® TZV — > 7?.P ® 7\LP be the ring homomorphism that interchanges the 
tensor factors: t-rv{x ® y) = y ® x. Then A(P*) = * ® ♦(trpAP). 

Proposition 2.33. 7£P is a ring of polynomials generated by all join-indecomposable polytopes. 

See Appendix B for the proof. 
Definition 2.34. For the ring TZV let us define an a-character e a by the formula 

e a {P n ) = a n+1 = a p(p ) 

Then So is the counit e. 

Definition 2.35. Let B be the abelian subgroup in TZV generated by 0, and all the simplices A n ,n ^ 0. 
Then L(A n ^ 1 ) = B n is a Boolean algebra {6, 1}". We have A fc f A' = so ^ is a subring in 

TZV. 

Let us denote x = A = pt. Then A™ -1 = x n . We have Ax = 1 <g> a; + x <g> 1, x( a; ) = — so 
£? is a Hopf subalgebra isomorphic to the Hopf algebra of polynomials Z[x] with the comultiplication 
Ax=l®x + x®l. 

Definition 2.36. We will denote by R the ring V or the ring TZV, and by 

R [2n] 

the sum 

r° © r 2 e R 4 e • • • © R 2 ™ 

2.4 Operators 

Definition 2.37. Let us define the ring of linear operators £(R) = Homz(R, R) with the multiplication 
given by a composition of operators. 

Definition 2.38. For k > let us define faces operators d k that sent a polytope P" to the sum of all 
its (n — fc)-dimensional faces. 

d k P n = pn ~ k 

F"- fc CP" 

' , rffe0 = 0, k ^ 1. 

in V 

Example 2.39. Wc have d\ pt = in fcP, and in V. 

Definition 2.40. Let us define by V(R) C £(R) the ring of operators generated by faces operators d k , 
k ^ 0, and by 2?(R 2 ™, R^™ - ** 1 ) the set of all operators in T>(R) of degree — 2k acting on the abelian 
group R 2 ™. 

Proposition 2.41. For any two polytopes P and Q, and d — d\ we have: 

d(P x Q) = (dP) xQ + Px (dQ) in V, and d(P * Q) = (dP) * Q + P * (dQ) in TZV. 
Therefore V and TZV are differential rings. 
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Proof. Each facet of P x Q has the form F x Q or P x G, where F, G are facets of P and Q. Therefore, 
d(P X Q) = J2 Fx Q+J2 PxG = ( dP ) x Q + P x (dQ) 

FCP GCQ 

Each facet of P * Q has the form F f Q or P * G, where F, G are facets of P and Q. Therefore, 

d(P xQ) = (dP) x g + P * (dQ) 

□ 

Example 2.42. xP = pt fP = CP is a cone. For a polytope P of positive dimension we have 

d(CP) = d(pt *P) = (dpt) * P + pt *(dP) = * P + C(dP) = P + C(dP) 

Thus, the multiplication by x = pt in the ring TLV defines a cone operator C G £(1ZP) of degree +2 
such that 

[d, C] = id 

On the other hand, in the ring V the same relation holds for all the polytopes except for P = pt. In 
this case we have d(C pt) = dl = 2pt, while C(dpt) + pt = pt. Therefore, in the ring V we have 

[d, C\ =id+£ 

Example 2.43. We have 

d{A k * A') = (k + ljA*- 1 * A' + (I + l)A k * A'" 1 = (k + 1 + 2)A k+l = dA k+l+1 

Example 2.44. Since A fe = x k+1 , we see that dx k+1 = (k + l)x k . Therefore 7L\x\ is a differential 
subring in (TZV, d) with d = 

Definition 2.45. The correspondence P — > PP defines a linear bipyramid operator of degree +2 on 
the rings V and 7^.P. By definition 50 = pt. 

Remark 2.46. It is easy to see that if P is simple and self-dual, i.e. P* is combinatorially equivalent 
to P, then P is a simplex. There are many examples of self-dual non-simple polytopes, with simplest 
infinite family given by fc-gonal pyramids for k > 4. The next example gives a more interesting regular 
self-dual polytope. 

Example 2.47 (24-cell). Let Q be the 4-polytope obtained by taking the convex hull of the following 
24 points in E 4 : endpoints of 8 vectors ±ej, 1 < i < 4, and 16 points of the form (±^, It 
can be shown that all the facets of Q are octahedra. 

The polar polytope Q* is specified by the following 24 inequalities: 

± Xi + 1 > for 1 < i < 4, and |( ± x x ± x 2 ± x 3 ± x 4 ) + 1 > 0. (2) 

Each of these inequalities turns into equality in exactly one of the specified 24 points, so it defines a 
supporting hyperplane whose intersection with Q is only one point. This implies that Q has exactly 24 
vertices. The vertices of Q* may be determined using the "elimination process" to @ (see |Z2[ Section 
1.2]), and as the result we obtain 24 points of the form ± e, ± e^ for 1 < i < j < 4. Each supporting 
hyperplane defined by © contains exactly 6 vertices of Q* , which form an octahedron. So both Q and 
Q* have 24-vertices and 24 octahedral facets. In fact, both Q and Q* provide examples of a regular 
4-polytope called a 24-cell. It is the only regular self-dual polytope different from a simplex. For more 
details on 24-cell and other regular polytopes see [C]. 

In this example we have dQ = 24BI 2 , and (dQ)* = 24/ 3 . Therefore for a self-dual clement P G SP, 
dP can be non self-dual. So ST is not a differential subring in TZV. 

However there is another derivation defined on SP. Since the duality * is a ring homomorphism, 
S = *d* is a derivation of the ring PJP, as well as d. 

Proposition 2.48. d + S is a derivation of the ring SP 
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Proof. Since for any P <G SV, P* = P, we have 

{(d + S)P)* = *(d + *d*)P = *dP + **dP = *d*P + dP = (5 + d)P. 

□ 

Proposition 2.49. 

d k (P x Q) = J2 x ( d iQ) m V 

i+j=k 

d k (P * Q) = * w) m nv - 

i+j=k 

Proof. We have 

d k {p n x Q r ) = pn ~ l x = E E x I E 

F™- i CP",G r -iQQ r ,i+j=k i+j=k _F«-igP" \G r -JCQ>- 

= E f E x f E Gr ~ j ) = E (d^xid.Q) 

i+j=k yF"-'CP" / \G r - i<ZQr J i+j=k 

The same argument works also for P n * Q r . The only difference is that faces of the form * G r ~i , 
i = n + 1, i + j = fc, and * 0, j = r + l,i + j = k are allowed. Here = d n+1 P n = d r+1 Q r . □ 

Definition 2.50. Let us define an operator $ : R -> R[i], e £>(R)[[i]] by the formula 

= 1 + dt + d 2 t 2 + ■■■ + d k t k + ... 

Definition 2.51. Let fi(P n ) be the number of i-dimensional faces of P n . 
Proposition 2.52. We have $(—£)$(£) — I on the ring R, that is for any n ^ 1 

dn - ddn-! + ■■■ + (-l)"- 1 ^-^ + (-l)"rf„ = 0. 

Proof. The relation is clear for e ^P and for pt € P. For pt e TZV we have 

$(-*)$(*) pt = (1 - dt + . . . )(pt +0t) = pt -0t + 0t = pt 
Let us consider the polytope P n of positive dimension. 

oo / k \ 



fc=0 \i=0 / 

If fc > n + 1 then the coefficient of t k in the series <&(— t)<&(t)P n is equal to 0. If fc = 0, then it is equal 
to P". Let 1 < k ^ n. Then 

- d 2 dfe_ 2 + • ■ • + (-l) fe - 2 d fe _id) P n = 

= E f E i- E i + --- + (-D fc - 2 E iW* = 

pn-kf^pn Xpn-k + l-^pn-k pn-k + 2-^pn-k pn-l-y pn-k J 

= E (/o( J P7^ n " fe )-/i(^7^ n " fe ) + --- + (-i) fe " 2 /fc- 2 ( J P7^"" fe ))^ n " 

Since P" / F n ~ k is a (fc — l)-dimensional polytope, the Euler formula gives the relation 

f (P n /F n ~ k ) - h(P n /F n - k ) + ■■■ + (-l) fe - 2 / fe _ 2 (P"/P"- fc ) = 1 + (-l) fc . 
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k 



Thus we obtain 

k 

(ddfc_i - d 2 d k _ 2 + ■■■ + (-l) fe - 2 4-id) P n = (l + (-l) fe RP" o ^(-l^^P" = 



i=0 



The coefficient of t n+1 is equal to in V, and to (1 - / + /i + • • • + + (-1)™ +1 )0 in ftP. 

Then the Euler formula implies that it is equal to 0. □ 

Proposition 2.53. 

£,- a $(a) = £ Q in the ring V 
S- a $(a) = £ in the ring TZV. 

Proof. Let us note that £, a d k P n = f n - k (P n )a n ~ k . Then for any polytope P™ we have 

£_«<i>(a)P" - (-a)" + (-a) n -Vn-ia + • • • + fo<* n = ^(-l)Vi^ = = 
since the Euler formula gives the relation: 

/O - /l + • • ' + (-l)"-7n-l + (-1)" = 1 

On the other hand, in the ring TIP we have e a dkP n = f n -k(P n )ct n ~ k+1 , so 

e_«$(a)P" = + (-a)7„.ia + • • • + (-a)/ a n + 

According to the Euler formula this expression is equal to for all the polytopes but 0. Thus 
£_ Q $(a)=£ - □ 

Example 2.54. On the ring of simple polytopes P s C V we have the relations k\d k \ Vs — d k \ v , 

therefore T>(V S ) is isomorphic to the divided power ring d k di = ( k ^ l )d k+ i, and $(i)|-p = e d *. 

Let us note that this equality is not valid for P s C 1ZV. The problem is that for a simple polytope 
P™ we have <4 = fr for all 1 < fe n. But d n+ iP n = 0, while 



(n + 1)! n+1 \ n! / n+1 n + 1 n+1 

Another example of operators in £(R) is given by the multiplication by elements of R: 

[P](Q) = PQ 

Proposition 2.55. The following relation holds 

k 

d k [P] = Y / [d l P]dk- l 

i=0 

Proof. 

k 

d k (PQ) = J2(diP)d k -iQ 

i=0 



□ 



Thus any operator in the ring RX>(R) generated by P(R) and {[P],P e R} can be expressed as a 
sum of operators 

5}P]£> W , P e R, D u e Z>(R). 

Let us remind that [pt] = x is a cone operator in C(RV). 
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2.5 Flag /-vectors 

Definition 2.56. Let P n be an n-dimensional polytope and S — {ai, . . . , a^} C {0, 1, . . . , n — 1}. 

A flag number fs — f ai , a k is the number of increasing sequences of faces 

f«i C f«2 c ... c pa k j dim f a, = fl . 

It is easy to see that for S = {i} the number fu-i = fa is just the number of i-dimensional faces. We 
have already defined this number above. Let us denote l(S) — k. Then ^ k ^ n. 

The collection {fs} of all the flag numbers is called a flag f -vector (or extended f -vector) of the 
polytope P n . By the definition f = 1. 

Remark 2.57. For the set {ai, . . . , a^} C {0, 1, . . . , n — 1} let us denote ao = —1, and ak+i — n. Then 

f—X } ai , . . . , a k f — 1, ai,...,afc,n /eti , Ctfe , 71 ./ai , . . ., 

This notation corresponds to the fact that is the only face of P of dimension —1, and any other face 
contains 0, while the polytope P itself is the only face of dimension n, and it contains any other face. 

Flag /-vectors have been extensively studied by M. Bayer and L. Billera in [BBj . where the generalized 
Dchn-Sommcrville relations were proved: 

Theorem f [BBj . Theorem 2.1). Let P n be an n- dimensional polytope, and S C {0, ...,n — 1}. If 
{i, fc}CSU {— 1, n} such that i < k — 1 and S fl {i + 1, . . . , k — 1} = , then 

fc-i 

E Mr^/sum = (i - (-i)*-* -1 )/*- (3) 

Definition 2.58. For n ^ 1 let be the set of subsets S C {0, 1, . . . , n — 2} such that S" contains no 
two consecutive integers. 

It easy to show by induction that the cardinality of \E ,n is equal to the n-th Fibonacci number c n 

(c n = Cn-1 + Cn-2, C — 1, C\ = 1). 

Let us remind that for any polytope P we have defined a cone (or a pyramid) CP and a bipyramid (or 
a suspension) BP. These two operations are defined on combinatorial polytopes and can be extended 
to linear operators on the rings V and 1ZP. By definition P>0 = pt = C0. 

The face lattice of the polytope CP n is: 

{0}; {F^C0}; {Fl,CF?}; {i?" \ CFJ 1 " 2 }; {P» CT"" 1 }; {CP"}, 
where Fj° are fc-dimensional faces of P n , and 

pai c pa 2 in ^p ^ pai c pa 2 ^ p^ 
pai ^ (7^ a 2 ^ p a i (- ^ ia 2 j 

CF ai C CF a2 ^ F ai C P 02 . 
The polytope BP n has the face lattice: 

{0}, {c_!0, d0, if>, cuf°, d^}, . . . , {F fe n - i ,c_ 1 f;- 2 , d^r 2 }* {c-^r 1 ^!^ 1 }' 

where C_i and C\ are the lower and the upper cones, and 

F ax c pa 2 in pp ^ p ai c pa 2 ^ p 

F ai C C S F° 2 ^F ai C F a2 ; 
C s F ai C C^ 2 ^ s = i and F ai C F a2 ; 

Definition 2.59. For n ^ 1 let be the set of n-dimensional polytopes that arises when we apply 
words in B and C that end in C 2 and contain no adjacent B's to the empty set 0. 
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Each word of length n + 1 from the set fl n either has the form CQ, Q E Q™ 1 , or BCQ, Q E fl n 2 , so 
cardinality of the set fl n satisfies the Fibonacci relation |O n | = |fi n - 1 | + |n n_2 |. Since l&l = \{C 2 }\ = 1, 
and \n' 2 \ = \{C 3 ,BC 2 }\ = 2, we see that |fi n | = c n = |* n |. 

M. Bayer and L. Billera proved the following fact: 

Theorem. Let n ^ 1. Then 

1. For all T C {0,1,..., n — 1} there is a nontrivial linear relation expressing fr(P) in terms of 
fs{P), S E ~$? n , which holds for all n- dimensional polytopes (see \BB[ Proposition 2.2]). 

2. The extended f -vectors of the c n elements of tt n are affinely independent \BB[ Proposition 2.3]. 
Thus the flag f -vectors 

{fs{P n )}s<E'S> n '■ P n ~ an n-dimensional polytope 

span an (c n — 1)- dimensional affine hyperplane defined by the eguation f& = l (see ]BB, Theorem 
2.6]) 

Remark 2.60. The first part of the theorem follows from the generalized Dchn-Sommerville relations 
©. In fact, we have /s,„-2,n-i = 2/s, n _2, and 

n-2 

fs,i,n-l - (1 + (-l)"-*)^,* + (-1)"- 1 - 1 £ (- 1 ) i ~ < " 1 /s,<,i, * < n - 2. 

j=i+l 

Therefore, we can get rid of the index n — 1. Then fsi,i-i,i,i+i,S 2 = ^fsi,i-l,i+i,S 2 - Therefore, we can 
get rid of triples of consecutive indices. 

Now for each set S in the sum we obtain let us take the last pair of consecutive indices {£, i + 1}. 
Then f s = fsi,j,i,i+i,S 3 - 

i-l 

k=j+l 

Then the last pair of consecutive indices for each set in the sum consists of smaller numbers. Then after 
the sequence if such steps and removing the triples of consecutive indices on each step we will obtain 
flag numbers of the form /,;. $ 2 > where the set {i + 1} U S 2 contains no consecutive indices. Then 

i-l 

h i+i, s 2 = a + (-im+i, S2 - (-iy ^2(-i) j h m, S2 

where all the sets {j, i + 1} U S 2 belong to This finishes the proof. 

In fact, a little bit more stronger statement, which can be easily extracted from the original Bayer- 
Billera's proof, is true. 

Let us identify the words in fl n with the sets in in such a way that the word 

C n+\-a kBC a k -a h -x-i B BC ax-x corresponds to the set {ai-3, . . .,a fe -3}. Let us set C < B and or- 
der the words lexicographically. Consider a matrix K n of sizes c„ x c„, £;q : s = fs(Q), Q G & n , S E 

Proposition 2.61. 

det(iT n ) = 1. 

Proof. For n = 1 the matrix X 1 = (/ (7)) = (1). 
For n = 2 

Let us prove the statement by induction. Consider the matrix K n : 

K n = ( Kl1 Kl2 \ 
\K 21 K 22 ) 
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where the block K\\ corresponds to the words of the form CQ, Q € fi" -1 and the sets S, that do not 
contain n — 2. Similarly, the block PJ 2 2 corresponds to the words of the form BCQ, Q G Q n ~ 2 and the 
sets containing n — 2. 

Each increasing sequence of faces of the polytope CP™ -1 without two faces of adjacent dimensions 
has the form 

F h C • • • C F u C CF U+1 C • • • C CF lk , 

so for {ai, . . . ,a k } £ *™ 

fai, Ofc (CP ) = fai — 1, G2 — 1, Ofe — l(-f ) + ■ ' - "l"/oi, a«, o»+i — 1, Ofe — ) + ' ' ' + ./ai , .... a fe (P )j (4) 

where /_i, 02 ,..., 0fc = fa 2 ,...,a k - 

The sets of the form {ai, . . . , a/, a; + i — 1, . . . , a*, — 1} may not belong to \I>™ _1 . But we can express 
the corresponding flag numbers in terms of {fs, S € v]/ n_1 } using the generalized Dehn-Sommervillc 
relations. Let a k < n — 2. Each relation has the form: 

/ kii *-» \ 

fs 1 ,i,k-i,k,s 2 = * (l - (-!) fe * 1 ) fs!,i,k, s 2 - X] * 1 fs 1 ,i,j,k,s 2 , 

\ j=*+i / 

where all the sets on the right side are lower than the set on the left side. Thus for Ofe < n — 2 

f ai ...,a k (CP n ) = f ai ,...,a k ( pn ) + lower summands, 

so the matrix _Kn can be represented as K n ~ l T ', where T is an upper unitriangular matrix. In particular, 
dct K n = det P" 1 • dct T = 1 by induction. 

Lemma 2.62. Let P be an (n — 2) -dimensional polytope, and S G TTien /or i/ie polytopes BCP 
and CBP 

(fs(CBP), ifn-2$S, 
\fs(CBP) + fs\ {n -2}(P), ifn-2ES, 



fs(BCP) = 



Proof. The polytope BCP has faces 

{F,0CFC P}; {CP, C P C P}; {C a P, C P C P}; {C Q CP, C P C P}; PCP, 
where a = ±1 

Then each increasing sequence of faces corresponding to the set S has one of the forms 



• P' 1 C • 



• C P 



• F h C • • • C F h C CP^ 1 C • • • C CP^, 

• P' 1 C • • • C F h C CaP'^ 1 c • • • c C a P^ 

• F h c • • • c F l > c CP^ 1 c • • • c CP^ c C a CF 1 ^ c • • • c C a CP Zfc 

• P' 1 C • • • C F l > C CaP'^ 1 C • • • C C a P^ C CaCF 1 ^ 1 c • • • c C a CP' fc 

• P' 1 c • • • C F l i C CaCF 1 ^ 1 c • • • c C a CP' fc 
The polytope CPP has faces 

{P, C P C P}; {C a P, C P C P}; BP; {CF, C P C P}; {CC a P, C P C P}; CPP, 
where a = ±1 

Then each increasing sequence of faces corresponding to the set S has one of the forms 

• F h C ••• C F 1 ', F h ^P, 

• F h C • • • C F li C CP Zi+1 C • • • C CP^, 

• P' 1 C • • • C F h C CaP'^ 1 C • • • C C a P^ 
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• F h C • • • C F l < C CF 1 ^ 1 C • • • C CF'i C CCaF 1 ^ 1 C • • • C C a CF /fc 

• F !l c---CF'-C CaF^+i c • • • C C a F l i C CC a F 1 ^ c ■ • • C CC„F'* 

• F' 1 c • • • C F l * C CCaF 1 ^ 1 c • • • C CC a F'<= 

We can interchange CC a and C a C to obtain a one-to-one correspondence between the increasing 
sequences containing both C and C a . There is a natural bijection between sequences containing ex- 
actly one of these operations, as well as between sequences containing neither operations nor P. So 
fs(BCP) = f S {C BP), if n - 2 £ S. 

The only difference appears in the case when the sequence of faces in the polytope BCP has the 
form 

F ai C • • • C F ak ~ 1 C P 

The sequences of this type give exactly f au ....^^(P), so f s (BCP) = f s (CBP) + fs\{ n -2}{P), if 
7i-2eS. □ 

Let us consider the polytope BCQ corresponding to one of the lower rows of K n . If Q starts with 
C , then there is a row CBQ in the upper part of the matrix. Let us subtract the row CBQ from the 
row BCQ. Then Lemma T2.62I implies that the resulting row is 

fo, 

BCQ ' S \/s\{n-2}(Q), if n- 2 6 5. K} 

If Q starts with B, then there is no row CBQ in the matrix. But since det-£T n_1 = 1 and all flag 
/-numbers of (n — l)-dimensional polytopes can be expressed in terms of {fs, S G "J" -1 }, the flag 
/-vector of any (n — l)-dimensional polytope is an integer combination of flag /-vectors of the polytopes 
from f2 n_1 . So the flag /-vector of the polytope BQ can be expressed as an integer combination of flag 
/-vectors of the polytopes Q' G f2" _1 : 

/(PQ) = 5>q,/(Q0 
Q> 

Using Formula ([4]) we obtain: 

f{CBQ) = Y j n Ql f{CQ l ) 
Q' 

If we subtract the corresponding integer combination of the rows of the upper part of the matrix from 
the row BCQ, we obtain the row ([5]). 

Thus we see, that using elementary transformations of rows the matrix K n ~ x can be transformed to 
the matrix 

K n - 2 



By the inductive assumption det-ftT" 1 = &eiK n 2 = 1, so AetK n = 1. □ 

Remark 2.63. In the proof we follow the original Bayer and Billera's idea, except for the fact that 
they use the additional matrix of face numbers of the polytopes Q G i S n , and our proof is direct. 

Corollary 2.64. The flag f -vector of any n- dimensional polytope P™ is an integer combination of the 
flag f -vectors of the polytopes Q G O n . 

Proof. Indeed, any flag /-number is a linear combination of fs, S G ^ n ■ Since detK n — 1, the vector 
{/s(P), S G is an integer combination of the vectors {fs(Q), S G Q G Q n . 

This implies that the whole vector {/s(P)} is an integer combination of the vectors {fs(Q)}, Q G fi n 
with the same coefficients. □ 

This fact is important, when we try to describe the image of the generalized /-polynomial in the 
ring of quasi-symmetric functions (see below). 

Generalized /-vectors are also connected with a very interesting construction of a cd-index invented 
by J. Fine (see |BK[ Prop. 2], see also the papers by R. Stanley |St3j and M. Bayer, A. Klappcr [BK ). 
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3 Hopf algebras 

In this part we follow mainly the notations of [H] . See also |BR| and [CFLj . 
3.1 Quasi-symmetric functions 

Definition 3.1. A composition uj of a number n is an ordered set uj = (ji, • • ■ ,jfc), j% 1, such that 
n = j\ + • • • + jk- Let us denote \w\ = n, = k. 

Let us denote by () the empty composition of the number 0. Then |()| = 0, I (()) = 0. 

Definition 3.2. Let ij.,i2>-« • be a finite or an infinite set of variables, deg^ — 2. For a composition 
u) = (Ji, . . . ,jk) consider a quasi- symmetric monomial 

M " = E t~<> M 0= L 
h<---<i k 

Degree of the monomial M u is equal to 2\uj\ = 2(ji + • • • + jk)- 

For any two monomials M u * and M u n their product in the ring of polynomials Z[fi, £2, • • • ] is equal 

to 



e( E *V 



where for the compositions uj = (ji, ■ ■ ■ ,jk), ^' = (ji , - - - , w" = (j", . . . fi' and fi" are all the 

fc-tuples such that 

c = (0, 0, 0), n" = (0, . . . , . . . , 0, . . . , f/„ . . . , 0), 

This multiplication rule of compositions is called the overlapping shuffle multiplication. 
For example, 



1. 

M (1) M (1) = I >> I I I = >!*? + 2 Vtitj = M (a) + 2M (M) . 



(D = (Em IE** =E**+ 2 E**** = M c 

V ' / \ 3 / i i<3 



This corresponds to the decompositions 

(2) = (1) + (1), (1, 1) = (1,0) + (0, 1) = (0, 1) + (1, 0). 

2. 

%)%!)= Em I E *'■**) = E****+E***i+ 3 E ****** = 

V i / \j<k J i<j i<j i<j<k 

= M (2 ,i) +M ( i,a)+3M (1) i,i). 

This corresponds to the decompositions 

(2,1) = (1,0) + (1,1), (1,2) = (1,0) + (1,1), 
(1, 1, 1) = (1, 0, 0) + (0, 1, 1) = (0, 1, 0) + (1, 0, 1) = (0, 0, 1) + (1, 1, 0). 



m (1i1) m (m) = E*^ (E* fc *0 = E*^ 2 + 2 E 

\i<? J \k<l ) i<j i<j<k 



2 E *i*?*fe+ 2 E *****fc+ 6 E **w* = 

= M (2 , 2) + 2M (2 , 1, 1) + 2M ( i, 2 , i) + 2M ( i, 1, 2) + 6Af (1) 1, 1, 1) . 
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This corresponds to the decompositions 



(2, 2) = (1, 1) + (1, 1), (2, 1, 1) = (1, 1, 0) + (1, 0, 1) = (1, 0, 1) + (1, 1, 0), 
(1,2,1) = (1,1,0) + (0,1,1) = (0,1,1) + (1,1,0), (1,1,2) = (1,0,1) + (0,1,1) = (0,1,1) + (1,0,1), 
(1,1,1,1) = (1,1, 0,0) + (0,0, 1,1) = (1,0, 1,0) + (0,1, 0,1) = (1,0, 0,1) + (0,1, 1,0) = 
= (0, 1, 1, 0) + (1,0, 0, 1) - (0, 1, 0, 1) + (1, 0, 1, 0) = (0, 0, 1, 1) + (1, 1, 0, 0). 

Thus finite integer combinations of quasi-symmetric monomials form a ring. This ring is called a ring 
of quasi- symmetric functions and is denoted by Qsym[ii, . . . , t n ], where n is the number of variables. In 
the case of an infinite number of variables it is denoted by Qsymfti, t 2 , . . .] or Qsym. 

The diagonal mapping A : Qsym — > Qsym <8> Qsym 

k 

AM (oi , ak) = Yl M («L -> »,) ® M (ai+U ak) 
i=0 

defines on Qsym the structure of a graded Hopf algebra. 

Proposition 3.3. A polynomial g G Z,[ti, . . . ,t r ] is a finite linear combination of quasi- symmetric 
monomials if and only if 

g(0,ti,t2,.-.,t r -i) = g(h,0,t 2 , ■ ■ ■ ,t r -i) = ••• = g{h,...,t r -i,0) 

Proof. For the quasi-symmetric monomial M u we have 



M w (ii, . . . , ti, 0, ij+i, . . • , t r -i) 



o, u = (ji,...,j r ); 

M w (ii, . . .,U,t i+ i, . . . ,i r _i), cj = (ji, . . . , jfe), fc < r. 



So this property is true for all quasi-symmetric functions. 

On the other hand, let the condition of the proposition be true. Let us prove that for a fixed com- 
position oj any two monomials t 3 ^ . . . tf k and tp . . . tp have the equal coefficients g 3 ^' '"'^ and g 3 }' ""^. 

Let It + 1 < Zi + i or i = k and li < r. Consider the corresponding coefficients in the polynomial 
equation: 

g(ti, . . . , tfj-iiO^iptij+i, . . . ,t r -\) = g(ti, . . . , i, tj 4 , 0, ■ • ■ ,*r-i)- 
On the left the monomial t 3 , 1 . . . t? I t?* +1 , . . . t 3 , k , has the coefficient q 3 , 1 ' "', Jfc , , , , , and on the right 

9h' " " J U i 4 i so tne y are equal- Now we can move the index ^ to the right to U + 1 and in the same 

manner we can move Zj to the left, if Zj_i < Z» — 1, or i = 1 and Zj > 1. 

Now let us move step by step the index Zi to 1, then the index l 2 to 2, and so on. At last we obtain 

Remark 3.4. Similar argument shows that the same is true in the case of an infinite number of variables, 
if we consider all the expressions 



k=l l^h<-<lk jl,...Jk>l 



0k 



of bounded degree: 2|w| = 2{j\ + ■■ ■ + jk) < N for all lj. Then the infinite series g of bounded degree 
belongs to Qsym if and only if 

g(t\, . . . , ti-i, 0, U + \, . . . ) = g(ti, . . . , ti-i,ti+i, . . . ) 

for alii > 1. As a corollary we obtain another proof of the fact that quasi-symmetric functions form a 
ring. 
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In [H] M. Hazewinkel proved the Ditters conjecture that Qsym[ti,t2, . . .] is a free commutative 
algebra of polynomials over the integers. 

The (2n)-th graded component Qsym n [ti,t2, ■ ■ ■} has rank 2" _1 . 

The numbers Pi of the multiplicative generators of degree 2i can be found by a recursive relation: 

izi = fr_!_ 

1-2* llfl-t*)^ 

i=i v ' 

There are group homomorphisms: 



V r +i ■ Qsym[ti,...,i r ] -> Qsym[ti, . . . , t r +i] : K r+ iM u (ti,...,i r ) = M w (ti, . . . ,i r +i) 
E r : Qsym[ii , . . . , t r+1 ] -)• Qsym[ii , . . . , i r ] : t r+1 -t 0; 

The mapping E r sends all the monomials corresponding to the compositions (ji, . . . , j r +i) of length 
r + 1 to zero, and for the compositions to of smaller length E r M u (t±, . . . , t r+ i) = M u (ti, . . . , t r ). It is a 
ring homomorphism. 

It is easy to see that E r V r +i is the identity map of the ring Qsym[ii, . . . , t r ]. 

Given r > there is a projection IlQ sym : Z[ti, ...,t r ] —> Qsym[ti, . . . , t r ] ® Q: 
for si < s 2 < ■ • • < Sfc 

nQsym^i • • • t j Jl = TFT ( *ii ' ' " ) ' 

W v 1 <— <i fc / 

which gives the average value over all the monomials of each type. 

Then for the quasi-symmetric monomial M u , u> = (ji, . . . ,jk) we have: 

n Qsym M w = jp: m ^ = (l) TTT^ = 

So IlQ S y m is indeed a projection. 

Remark 3.5. We see that in the theory of symmetric and quasi-symmetric functions there is an 
important additional graduation - the number of variables in the polynomial. 

Definition 3.6. For a composition u> — (ji,. . . ,jk) let us define the composition u* = (jk, ■ ■ ■ , ji). 
The correspondence M u — > {M u )* — M u * defines an involutory ring homomorphism 

* : Qsym[ti,t 2 , ...]-*■ Qsym[ti,i 2 , ...]. 

Remark 3.7. Let TQ sym : Qsym® Qsym — > Qsym® Qsym be the ring homomorphism that interchanges 
the tensor factors TQ sym (x ®y) = y@)x. Then A(M*) = * ® *(rQ syrra AM w ). 

3.2 Leibnitz-Hopf Algebras 

Let i? be a commutative associative ring with unity. 

Definition 3.8. A Leibnitz-Hopf algebra over the ring R is an associative Hopf algebra H over the ring 
R with a fixed sequence of a finite or countable number of multiplicative generators Hi, i = 1,2... 
satisfying the comultiplication formula 

i+j=n 

A universal Leibnitz-Hopf algebra A over the ring R is a Leibnitz-Hopf algebra with the universal 
property: for any Leibnitz-Hopf algebra H over the ring R the correspondence A. L — ) Hi defines a Hopf 
algebra homomorphism. 

Consider the free associative Leibnitz-Hopf algebra over the integers Z = 1*(Z\, Z 2 , . . . ) in countably 
many generators Z^. 
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Proposition 3.9. Z ® R is a universal Leibnitz-Hopf algebra over the ring R. 

Set deg Zi — 2i. Let us denote by M. the graded dual Hopf algebra over the integers. 
It is not difficult to see that M. is precisely the algebra of quasi-symmetric functions over the integers. 
Indeed, for any composition u = (Ji, . . . , jk) we can define m w by the dual basis formula 

(m u , Z a ) — S Ui(r , 

where Z a = Z ai . . . Z ai for a composition a = (ai, . . . , ai). Then the elements ra w are multiplied exactly 
as the quasi-symmetric monomials M u . 
Let us denote 

oo 

$(t) = 1 + Zit + Z 2 t 2 + ■ ■ ■ = Z kt k 

k=0 

Then the comultiplication formula is equivalent to 

A$(i) = $(t) (g) $(t) 
Let x '■ Z — > Z be the antipode, that is a linear operator, satisfying the property 

l*X = /xo(l(gi^)oA=?7oe = /xo(^;(g)l)oA = x*l, 

where e : Z — > Z, e(l) = 1, e{Z a ) = 0, a ^ 0, is a counit, r\ : Z — > Z, n(a) = a ■ 1 is a unite map, and fi 
is a multiplication in 2. 

Then $(t)x($(i)) = 1 = an d {x(^n)} satisfy the recurrent formulas 

X(Zi) = -Zi; x(Z fl+ i)+x(Z n )Zi + ..- + x(Zi)Z n + Z n +i=0, n>l. (6) 

In fact, since <5>(t) = 1 + Z±t + . . . , we can use the previous formula to obtain 

x(*(*)) = *m = D- 1 )* (*(*)-!)*; 

n 

fc=l 3'lH hjfc=n 

This formula defines x on generators, and therefore on the whole algebra. 

Definition 3.10. Let Z op be the Hopf algebra opposite to Z, i.e. Z = Z op as coalgebras, and the 
multiplication in Z op is given by the rule a o b :— b ■ a. Then the antiisomorphism 

Q ■ Z —± Z, Z ax . . . Z ak — > Z ah . . . Z ai 

satisfies the property A o g = (g <g) g) o A, and defines the Hopf algebra isomorphism Z —> Z° p . 

Proposition 3.11. We have g* = * 

Proof. Indeed, 

(g*M u ,Z a ) = (M u ,gZ a ) = {M U ,Z^) = 8 u%a .. 
Therefore, g*M w = M w . = M* □ 

Definition 3.12 ( N ). A (left) Milnor module M over the Hopf algebra X is an algebra with unit 
1 £ R which is also a (left) module over X satisfying 

x(uv) = ^2x' n (u)x'n(v), xeX,u,veM, Ax = ^2x' n <g>x'J l . 

Proposition 3.13. The homomorphism £r: Z — > P(R) : Zf. — > dfc defines on the rings V and TUP 
the structures of left Milnor modules over the Leibnitz-Hopf algebra Z. 

The homomorphism : Z op — > P(R) : 3?r = £r ° (? defines on the rings V and TUP the structures 
of right Milnor modules over the Leibnitz-Hopf algebra Z. 
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Proof. This follows from Proposition 12.491 □ 

Let us note, that the word Z u = Zj 1 . . . Zj k corresponds under the homomorphism £r to the operator 
D u — dj 1 . . . dj k , and under the homomorphism to the operator D u * = dj k . . . dj 1 . 

Definition 3.14. Denote by U the universal Hopf algebra in the category of Leibnitz-Hopf algebras 
with an antipode x{Hi) — {~l) l Hi. It is is easy to see that U = Z/Ju, where the two-sided Hopf ideal 
Ju is generated by the relations 

Z n - Z x Z n _ x + ■■■ + {-\y- l Z n _ x Z x + {-l) n Z n = 0, n > 2 (7) 

These relations can be written in the short form as $(— t)$(t) = 1. 

It can be shown that U <g> Q ~ Q(Z X , Z 3) Z 5 ,... ), and U -^^r U <g> Q is an embedding. 

Corollary 3.15. The mappings £r and JJr define on the rings V and 1ZV the structures of left and 
right Milnor modules over the Leibnitz-Hopf algebra IA. 

Proof. This follows from Proposition ^. 521 □ 

Since g(Ju) = Jui we see that g induces a correctly defined homomorphism g: U — > IA, which gives 
the isomorphism IA ~ lA op . 

Since the factor map Z — > ZjJu is an epimorphism, the dual map IA* — > Z* = Qsym is an 
embedding. Then the subring IA* C Qsym is invariant under the involution g* = *. 

Definition 3.16. A universal commutative Leibnitz-Hopf algebra C — Z[Ci, C2, . . . ] is a free commu- 
tative polynomial Leibnitz-Hopf algebra in generators C, of degree 2i. We have C — Z/Jc, where the 
ideal Jq is generated by the relations Z^Zj — ZjZi. 

It is a self-dual Hopf algebra and the graded dual Hopf algebra is naturally isomorphic to the algebra 
of symmetric functions Z[<7i, 02, . . . ] = Sym[£i, £2, ■ ■ • ] C Qsym[£i, £2, • • ■ ] generated by the symmetric 
monomials 

0-* = M Wi = ^ t h--- t h^ 

h<—<U 

where w,* = (1, . . . , 1). 

i 

The isomorphism C ~ C* is given by the correspondence Cj — > oi. 

Definition 3.17. Denote by IAS the universal Hopf algebra in the category of commutative Leibnitz- 
Hopf algebras with an antipode x(-Hi) = (— l) l Hj. It is easy to see that IAS = Z/Jus, where the 
two-sided ideal Jus is generated by the relations (J7J), and the commutators ZiZj — ZjZi. Then the 
relations (J7J for odd n are trivial, while for even n we have 

fe-i 

2Z 2k = 2j2(-iy~ 1 z l z 2k - l + {-if^Zl 

i=l 

It can be shown that IAS®Q~ Q[Z 1 ,Z 3 , Z 5 ,...}. 
3.3 Lie-Hopf Algebras 

Definition 3.18. A Lie-Hopf algebra over the ring R is an associative Hopf algebra £ with a fixed 
sequence of a finite or countable number of multiplicative generators L iy i = 1,2... satisfying the 
comultiplication formula 

ALi = l®Li+Li®l, L Q = 1. 

A universal Lie-Hopf algebra over the ring R is a Lie-Hopf algebra A satisfying the universal prop- 
erty: for any Lie-Hopf algebra £ over the ring R the correspondence A; — > Li defines a Hopf algebra 
homomorphism A —> £. 

Consider the free associative Lie-Hopf algebra W over the integers Z(Wi, W 2 , . . . ) in countably many 
variables Wi. 
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Proposition 3.19. W ® R is a universal Lie-Hopf algebra over the ring R. 

Let us set deg Wi = 2i. Then the graded dual Hopf algebra is denoted by J\f. This is the so-called 
shuffle algebra. 

The antipode \ nl VV has a very simple form x(Wi) = —Wi. 
3.4 Lyndon Words 

A well-known theorem in the theory of free Lie algebras (see, for example, |Rej l states that the algebra 
Af (8) Q is a commutative free polynomial algebra in the so-called Lyndon words. 

Definition 3.20. Let us denote by [oi, . . . , a n ] an element of N*, that is the word over N, consisting 
of symbols a±, . . . ,a n , a.; 6 N. Let us order the words from N* lexicographically, where any sym- 
bol is larger than nothing, that is [a\,. . . ,a n ] > [bi, ■ ■ ■ ,b m ] if and only if there is an i such that 
a\ = b%, . . . , <Xi-i = bi-i, ai > bi, 1 i ^ min{m, n}, or n > m and a\ = b\, . . . , a m = b m . 

A proper tail of a word [ax, ■ ■ . , a„] is a word of the form [a.;, . . . , a n ] with 1 < i ^ n. (The empty 
word and one-symbol word have no proper tails.) 

A word is Lyndon if all its proper tails are larger than the word itself. For example, the words 
[1,1,2], [1,2,1,2,2], [1,3,1,5] are Lyndon and the words [1,1,1,1], [1,2,1,2], [2,1] arc not Lyndon. The 
set of Lyndon words is denoted by LYN. 

The same definitions make sense for any totally ordered set, for example, for the set {1, 2} or for the 
set of all odd positive integers. 

The role of Lyndon words is described by the following theorem: 

Theorem (Chen- Fox-Lyndon Factorization jCFLj ). Every word w in N* factors uniquely into a de- 
creasing concatenation product of Lyndon words 

W = Ui * U2 * ■ ■ ■ * Ufe, Ui € LYN, U\ ^ U2 • • • ^ Uk 

For example, [1,1,1,1] = [1] * [1] * [1] * [1], [1,2,1,2] = [1,2] * [1,2], [2,1] = [2] * [1]. 
The algebra N is additively generated by the words in N* . The word w = [a± , . . . , a n ] corresponds 
to the function 

([ax, ■ ■ ■ , a n ], W a ) = 5 w> o 
where a is a composition a — (b%, . . . , bi), W a = W^ ■ ■ ■ Wb L , and for the word [a±, . . . , a n ] 

fill! . (T 



1, a = (oi, . . . ,a„); 
0, else 



The multiplication in the algebra J\f is the so-called shuffle multiplication: 

[ax, . . . , a n ] X s h [a n +l, ■ • • , Om+n] = J]][ a cr(l) i ■ • ■ 7 a a(n) j a o(n+l)i ■ ■ ■ i a o(n+m)\ j 

cr 

where a runs over all the substitutions a 6 S m +n such that 

o- _1 (l) < • • • < o- _1 (7i) and cr _1 (n + 1) < • • • < cr _1 (n + to). 

For example, 

[1] x sh [l] = [l,l] + [l,l]=2[l,l]; 
[l]x sh [2,3] = [l,2 ) 3] + [2,l,3] + [2,3,l]; 
[1, 2] x sh [1, 2] = [1, 2, 1, 2] + [1, 1, 2, 2] + [1, 1, 2, 2] + [1, 1, 2, 2] + [1, 1, 2, 2] + [1, 2, 1, 2] = 2[1, 2, 1, 2] + 4[1, 1, 2, 2]. 

There is a well-known shuffle algebra structure theorem: 

Theorem. A/"® Q = Q[LYN], the free commutative algebra over Q in the symbols from LYN. 
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The proof follows from the following theorem concerning shuffle products in connection with Chen- 
Fox-Lyndon factorization. 

Theorem. Let w be a word on the natural numbers and let w — u\ * U2 * ■ ■ ■ * u rn be its Chen- 
Fox-Lyndon factorization. Then all words that occur with nonzero coefficient in the shuffle product 
U\ X s /j U2 X-sh "' x sh u m are lexicographically smaller or equal to w, and w occurs with a nonzero 
coefficient in this product. 

Given this result it is easy to prove the shuffle algebra structure theorem in the case of arbitrary 
totally ordered subset M = {mi,m 2 ,...} C N. Let us denote by Wm the free associative Lie-Hopf 
algebra Z(W mi , W m2 , . . . ), let Mm be its graded dual algebra, and LYNm be the corresponding set of 
all Lyndon words. We need to prove that Mm ® Q = Q[LYNm]- 

Let mi be the minimal number in M. The smallest word [mi] is Lyndon. 

Given a word w we can assume by induction that all the words lexicographically smaller than w 
have been written as polynomials in the elements of LYNm ■ Take the Chen- Fox-Lyndon factorization 
w = i*i * U2 * • ■ ■ * u m of w and consider, using the preceding theorem, 

ui Xsh u 2 x sh ■ ■ ■ x sh u m = aw + (reminder). 

By the theorem the coefficient a is nonzero and all the words in (reminder) are lexicographically smaller 
than w, hence they belong to Q[LYNm]- Therefore w £ Q[LYNm]- This proves generation. Since each 
monomial in (2n)-th graded component of M ® Q has a unique Chen-Fox-Lyndon decomposition, the 
number of monomials in Q[LYNm] of graduation 2n is equal to the number of monomials of the same 
graduation in Mm ® Q, monomials in Lyndon words are linearly independent. This proves that Lyndon 
words are algebraically independent. 

Corollary 3.21. The graded dual algebras to the free associative Lie-Hopf algebras W12 = Z(Wi, W2) 
and YVodd — W3, W5, . . . } are free polynomial algebras in Lyndon words LYN12 and UYN dd 

respectively. 

The correspondence 

f + Z x t + Z 2 t 2 + • • • + = exp(Tyit + W 2 t 2 + ...); 

defines an isomorphism of Hopf algebras Z Cg> Q ~ W <8> Q. 

However it is not true that M is a free polynomial commutative algebra over the integers. 

4 Topological realization of Hopf algebras 

In |BR) A. Baker and B. Richter showed that the ring of quasi-symmetric functions has a very nice 
topological interpretation. 

We will consider CW-complexes X and their homology H*(Y) and cohomology H*(Y) with integer 
coefficients. 

Let us assume that homology groups H* (X) have no torsion. 

The diagonal map X — » X x X defines in FL(Y) the structure of a graded coalgebra with the 
comultiplication A: H*(Y) — > H*(Y) ® H*(X) and the dual structure of a graded algebra in H*(Y) 
with the multiplication A* : E*(X) ® H*(Y) H*(Y). 

In the case when X is an ff-space with the multiplication /i : X x X — > X we obtain the Pontryagin 
product fi* : H*(Y) ® H*(Y) — > H*(X) in the coalgebra H*(X) and the corresponding structure of a 
graded Hopf algebra on H*(Y). The cohomology ring H*(Y) obtains the structure of a graded dual 
Hopf algebra with the diagonal mapping \i* : H*(Y) — > H*(Y) ® H*(Y). 

For any space Y the loop space X = VLY is an i?-space. A continuous mapping / : Y\ — V Y2 induces a 
mapping of iJ-spaces ilf: X\ — > X2, where Xi = QYi. Thus for any space Y such that X — £IY has no 
torsion in integral homology we obtain the Hopf algebra H*(X). This correspondence is functorial, that 
is any continuous mapping /: Y\ — > Y% induces a Hopf algebra homomorphism /» : H*(Xi) — > H*(A" 2 ) 

By the Bott-Samelson theorem [BSj . H* (57SA) is the free associative algebra T(H* (X)) generated by 
H*(X). This construction is functorial, that is a continuous mapping / : X\ — > X2 induces a ring homo- 
morphism of the corresponding tensor algebras arising from the mapping /* : H* (X\ ) — > H* (X2 ) ■ Denote 
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elements of H*(S1EX) by (ai \ . . . \a„), where ai G H*(X). Since the diagonal mapping EX — > EX x EX 
gives the P-map A: fiEX — > f2EX x f2EX, it follows from the Eilenbcrg-Zilber theorem that 

A»(oi| . . . \a n ) = (A*ai| . . . |A*a„) 

where (ai (g> bi\a 2 ® 6 2 ) = (ai|a 2 ) ® (&1I&2). 

There is a nice combinatorial model for any topological space of the form fiEX with X connected, 
namely the James construction JX on X. After one suspension this gives rise to a splitting 

EfffiX - EJX - \f EX (n) , 

where X^™) denotes the n-fold smash power of X. 
Example 4.1. There exists a homotopy equivalence 

EfiES 2 -> \/ E(,S 2 )(") ~ E( Y S 2 "). 

Therefore there exists an P-map fiE^ES" 2 ) — > OE( V S' 2 ™ j that is a homotopy equivalence. 

Using these classical topological results let us describe topological realizations of the Hopf algebras 
we study in this work. 

We have the following Hopf algebras: 

I. 1. H^CP 00 ) is a divided power algebra Z[ui,it2, . . ■]//, where the ideal / is generated by the 
relations UiUj — (]~^ J )ui+j, with the comultiplication 

n 

Am„ = J^wfc ®u n - k ; (8) 

k=0 

2. H*(CP°°) = Z[u] - a polynomial ring with the comultiplication 

Am = l(g>u + u<g>l; 

II. 1. H^ftECP 00 ) ~ T(H*(CP°°)) = Z(ui,u 2 ,...> with being non-commuting variables of 
degree 2i. Thus there is an isomorphism of rings 

H^ftECP 00 ) ~ Z 

under which u n corresponds to Z n . 

The coproduct A on P^fiECP 00 ) induced by the diagonal in f2ECP°° is compatible with 
the one in Z: 

Au n = Uj <B) Uj 

i+j—n 

So there is an isomorphism of graded Hopf algebras. This gives a geometric interpretation 
for the antipode \ m % : in H^fiECP 00 ) it arises from the time-inversion of loops. 

2. H*(ftECP°°) is the graded dual Hopf algebra to H^ftECP 00 ). 
Theorem. [BR] There is an isomorphism of graded Hopf algebras: 

H,(fiECP°°) ~ Z = Z(Z 1 ,Z 2 ,...), H*(ftECP°°) ~ M = Qsym[ii,i 2 ,...]. 

III. H*(BU) ~ H*(PP) ~ Z[cti, <72, . . . ] — C. It is a self-dual Hopf algebra of symmetric functions. In 
the cohomology Ui are represented by Chern classes. 
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IV. 1. H*(r2S5 2 ) = H*(r2S' 3 ) = Z[w] - a polynomial ring with degw = 2 and the comultiplication 

Aw = 1 <E> w + w <2> 1; 

2. H*(f2ES' 2 ) = Z[u n ]/I is a divided power algebra. Thus H*(fiSS' 2 ) ~ H^CP 00 ). 
V. H* (SlSfSlSS" 2 )) ~ Z(wi,W2, . . . ). It is a free associative Hopf algebra with the comultiplication 



k=0 v 7 



(9) 



VI. H* (£!!]( V S' 2 ") ) ~ Z(£i,£2, ■ • ■)• It is a free associative algebra and has the structure of a 
graded Hopf algebra with the comultiplication 

Af n = 1 <g> f n + f n ® 1- (10) 
gives a topological realization of the universal Lic-Hopf algebra W. 



Therefore, H* (sm( V S' 2 ™ 
The homotopy equivalence 



fi£(fiI!S 2 ) 



induces an isomorphism of graded Hopf algebras 

and its algebraic form is determined by the conditions: 

Aa*£„ = (a* (g>a»)(A£ n ). 
For example, a*£i = toi, a*£ 2 = w 2 — wi|u>i, a*£ 3 = W3 — 3u>2|wi + 2wi \wi . 

Thus using topological results we have obtained that two Hopf algebra structures on the free asso- 
ciative algebra with the comultiplications ([9]) and (flO|) are isomorphic over Z. 

This result is interesting from the topological point of view, since the elements (w n — a*£„) for n ^ 2 
are obstructions to the desuspension of the homotopy equivalence 



We have the commutative diagram: 



ftHS 2 



CP C 



SEP 



del. 



CP° 



Here 

• i is the inclusion CP 00 = BU{1) C BU, 

• j arises from the universal property of QT,<CP°° as a free PPspace; 

• the mapping CP 00 -> fi£CP°° is induced by the identity map SCP°° -> ECP°°, 

• the mapping k : flT,S 2 — > CP 00 corresponds to the generator of H 2 (f2£S' 2 ) = Z. 



• det is the mapping of the classifying spaces BU 
det : U(n) ->• U(l), n = 1,2,.... 



BU(1) induced by the mappings 
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As we have mentioned, H* (BU) as a Hopf algebra is isomorphic to the algebra of symmetric functions 
(in the generators - Chern classes) and is self-dual. 

H* (BU) ~ H, (BU) ~ Sym[* i , t 2 ,...]= T\a x , o 2 , . . . ] . 

Since CP 00 gives rise to the algebra generators in H* (£?[/), j* is an epimorphism on homology, and j* 
is a monomorphism on cohomology. 

• j* corresponds to the factorization of the non-commutative polynomial algebra Z by the commu- 
tation relations ZtZj — ZjZi and sends Z% to o~t. 

• j* corresponds to the inclusion Sym[ii, t 2 , . . . ] C Qsym[ti,t2, • • • ] and sends cr, to M ut , where 
hJ« = (l,l, . ..,l) . 

i 

• k* sends u to Ui and defines an embedding of the polynomial ring Z[u] into the divided power 
algebra Z[u n ]/I. 

• the composition det* oj* maps the algebra Z to the divided power algebra ip(CP°°). This 
corresponds to the mapping Z\ — > d k \ v of Z to T>(V S ). 

5 Structure of V 

Theorem 5.1. The homomorphism £r : Z — > P(R) : Z k — > d k induces a ring isomorphism: 

V(R)~U = Z/J U , 

where U is a universal Leibnitz-Hopf algebra with the antipode x(Ui) = (—^) l Ui. 
Proof. Let us prove the following lemma: 

Lemma 5.2. Let D G P(R) be an operator of graduation 2k. Then for each space R 2n , k there is 
a unique representation 

D = u(d 2 ,d 3 ,...,d k ) + dw(d 2 ,d 3 ,...,d k - 1 ), (11) 
and there is a unique representation 

D = u'(d 2 , d s ,...,d k ) + to' (da, . . . , d k -i)d, (12) 

where u, u', w, to' are polynomials. 

Proof. For k — and 1 it is evident. 

Since 2d 2 = d 2 , this is true for k = 2. Let k ^ 3. 
Using the relations (|2.52p we obtain 

dd t = (-i)'did + (d 2 d !: _i - d 3 di- 2 + ■■■ + i-iy-^i-xd^ + (i + (-i) i+1 )rf J+ i 

So the expressions (fTTj) and (fT2j) exist. 

Let u(d 2 , d3, •••) dfe) + dw(d 2 , dfe_i) = 0, where u = J2 a^Pw, and to = b^D^. 

\u)\=k \u\=k—l 

Then for any n-dimensional polytope P™, n ^ k we have 

Ci (u + dw)P n = 0, £i (tt + dto)P™ = 
Since tt + dto has degree 2k, this equality can be written as 

^ t a u>fn-k,n-k+j 1 ,n-k+j 1 +j 2 ,...,n-ji(P )+ ^ ] ^w/n-fc, n-fc+1, n— k+l+ji , n— j; (P )■ (13) 
|o)|=& |u>[=fe— 1 
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Using the generalized Dehn-Sommerville equations we obtain 



( — fj, n-k+l, n-fc+l+ji, .... n-ji I + 

+ (1 + ( — 1)" )/n-fc+l,n-fc+l+ji,...,n-ji 

All the sets {n — fc, n — k + ji,n — fc + ji + J2, • • • , n — ji}, {j, n — fc + 1, n — k + ji, . . . , n — ji} and 
{n — fc + 1, n — k + 1 + ji, . . . , n — ji} for all ui are different and belong to \D ,n . 

In the case of 1ZV and P k ~ 1 we obtain that n = fc — 1, therefore n — k = — 1 in the expression (TT51) 
vanishes and we obtain 

/J Ow/ji-l.ji+ja-l, ....n-jiC-P") + ^ b u fo,ji,...,n-ji(P n )- 
\ui\=k |w|=fc-l 

Again all he sets {ji — 1, ji + ji — 1, . . . , n — ji}, {0,ji, • • • , n — j{\ for all u> are different and belong to 

Since the vectors {fs(Q), S G ^™},(5 G f2™ are linearly independent, we obtain that all and b^ 
are equal to 0, so the representation is unique. 

We obtain that the monomials U w = Gf J:L . . . dj l , \u)\ — fc, ji ^ 2 and dD^ = ddj t . . . dj l \uj\ = fc— 1, ji ^ 2 
form a basis of the abelian group V(R 2n , R 2 ^ n ~ k) ). 

But each monomial dD^, \u)\ = fc, ji 2 can be expressed as an integer combination of the 
monomials D u > and D u >d. So the monomials D u and D^d also form a basis. This proves the second 
part of the lemma. □ 

Now let us prove the theorem. The mapping £r : Z — > £>(R) : Zi — > di is an epimorphism. Let 
z G Z such that degz = 2fc and £rz = 0. 

z = S ' a^Zu,. 
H=fc 

We know that 

fc-2 

J k—i- 



z x z k _ x = {-\) k - l z k ^z x + ^(-lyZiZk.i + (1 + {-i) k )z k - ^2(-iyZiZ k 



i=2 i=0 

So 

z = ^ a ^ Zuj + b^ZuZi + z', 

H = fc, j'i^2 |w|=fe-l, ji>2 

where 2' G J^- Since £rz = £rz' = 0, we obtain 

a' u D ul + b u D u d = Q, 

\ui\=k, ji^2 |w|=*-l, ji>2 

Lemma 15.21 implies that all the coefficients and 6 W are equal to 0, so z = z' G J^. This proves that 
2?(R)~Z/J W . "" □ 

Remark 5.3. Now we see that the correspondence dk — > d k defines a natural isomorphism between 
V(TZV) and T>(V). Therefore from this moment we will often use the notation T> for both these algebras, 
and the notations £, "Ji for the homomorphisms £r and Kr. 

Corollary 5.4. TTie comultiplication d k — > <S) rfj defines on T> the structure of a Leibnitz-Hopf 

i+j=k 

algebra over the ring Z. This Hopf algebra T> is isomorphic to the Hopf algebra IA, universal in the 
category of Leibnitz-Hopf algebras with the antipode x{Ui) — (— l) l C^i- 
Both V and 1ZV have natural left Milnor module structures over T> 

It is evident that £ , w | R [2 n ] = for \uj\ > n. The following corollary says that the other relations 
between operators in V on the abelian group Ri 2 "' are the same as on the whole ring R. 
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Corollary 5.5. We have 

V(R [2n] ) = V(R)/J n 
where the ideal J n is generated by all the operators D u , \u)\ > n. 

Proof. As in the proof of Theorem 15.11 using Lemma IST21 it is easy to show that 2?(R' 2 "') ~ Z J Jpropnij, 
where the ideal Jp^pn]) is generated by the the relations $(— t)<E»(t) = 1 and Z u = for \ui\ > n. □ 

Corollary 5.6. The operators d2,d 3 ,d4, ... are algebraically independent. 

Corollary 5.7. Rank of the (2n)-th graded component of the ring T> is equal to the (n — l)-th Fibonacci 
number c n -\. 

Proof. At first, let us calculate rank rk„ of the (2n)-th graded component of the ring Z(d 2 , d 3 , d 4 , . . .). 

rk = 1, rki = 0, rk 2 = 1, rk 3 = 1, rk 4 = 2, rk 5 = 3, . . . 

It is easy to see that there is a recursive relation 

rk„ +1 = rk„_i + rk„_ 2 H h rk 2 +1, n ^ 3 

Then rk„+i = rk„_i +rk n . Since rk 2 = rk 3 = 1, we obtain rk„ = c n -2, n ^ 2. At last, rank of the 
(2n)-th graded component of the ring V is equal to rk„_i +rk„ = c„_ 3 + c„_ 2 = c«-i for n ^ 3. It is 
easy to see that for n = 1 and 2 it is also true. □ 

Let us remind that on the ring of simple polytopes dk\-p = 4r , so the ring T>{Vs) is isomorphic 
to the divided power ring dfcd; = i^^^dk+i- 
Proposition 5.8. 

V®Q = Q(d 1 ,d 3 ,d 5 ,...), 

TTie inclusion T> C 2?<8)Q is an embedding, and the operators d 2 fc are expressed in terms of the operators 
di, da, . . . , d 2 fc-i &y i/ie formulas 



k (2i-2\ I 

»=i V'i 



X] d2ii-i.--d 2 3 3i -x ) • (14) 

+J2H h72i=*+fe, 



Proof. Let us denote 

a(t) = ^d 2fc t 2fc , 6(t) = ^d 2fe+ i< 2fe+1 . 

Then 

$(t) = a(t) + 6(i) $(-i) = a(t) - 

$(*) + $(-*) Ht) - $(-t) a>(t) 2 - $(-t) 2 

a(*)o(*) = 2 2 = 4 = 6 v*) a W- 

Then the relation <!>( — t)<E>(£) = 1 is equivalent to the relations 

a(t) 2 -b{t) 2 = 1; 
a(t)b(i) = b(t)a(t). 

Therefore a(t) = y/l + b(t) 2 and the formula (fT4]) is valid. Consequently all the operators d 2 fc are 
expressed as polynomials in di, d 3 , . . . with rational coefficients. For example, 

d 2 , dd 3 + d 3 d d 4 

di = — , di — . 

2 ' 2 8 

This means that the algebra T> <g) Q is generated by di, d 3 , d$, . . . . On the other hand, let us calculate 
the number of the monomials d2ji-i • ■ • d2j k -i with (2ji — 1) + • ■ • + (2jk — 1) = n. Denote this number 
by l n . Then 

'0 = h = lj '2 = 1, '3 = 2, Z4 = 3, . . . , 
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and there is a recursive formula l n +i = In + ln-2 + ln-A + • • • for n ^ 2. Hence = /„ + for 
n 2, and i„ = c„_i for n 1. 

We see that the number of monomials of degree 2n is equal to dimension of the (2n)-th graded 
component according to Corollarv l5.7l This implies that they are linearly independent over the rationals. 
Therefore d%, da, d$, . . . are algebraically independent. 

At last, the inclusion T> C T> <£> Q is an embedding, since T> is torsion-free. □ 

Definition 5.9. Let us define operators Sk by the formula 

s(t) = sit + s 2 t 2 + s 3 i 3 H = log$(<). 

Then si = di, s 2 = 0, S3 = d 3 — and so on. 

The relation $(—£)$(£) = 1 turns into the relation s(—t) + s(t) = 0. Thus s 2 k — for all k. 
Also we have As(t) = 1 ® s(t) + s(t) Cg> 1, so each operator S2&-1 is a derivation. 

Proposition 5.10. There is an isomorphism of Hop f algebras 

V®Q = Q( Sl ,s 3 ,s 5 ,...), 

where Q(si, S3, S5, . . . ) is a /ree Lie-Hopf algebra in the generators of degree degs 2 k-i = 2(2fc — 1) , 
A; 1, £/ie comultiplication As2fe-i = 1 ® S2fc-i + S2fe-i ® 1, and the antipode x( s 2fc-i) = — S2fc_i 

6 Generalized /-polynomial 
6.1 Definition 

The mapping $ : V — » P[t] is a ring homomorphism. If we set ^(t 2 )t\ = t±, then the operator $(£2) 
defines a ring homomorphism V — > P[ii,i2]: P — ► <j>(i2)3>(ii)P, 

Thus for each n ^ we can define the ring homomorphism $„ : P — > P[[ii, ■ ■ • , t n ]] as a composition: 

$„(*!,..., i n )P = $(*„)... $(il)P. 

Definition 6.1. Let P™ be an ro-dimensional polytope. Let us define a quasi-symmetric function 

min{r,n} 

f r (a,h,...,t r )(P n )=Cc l Ht r )...^(t 1 )P n =a n + E /a 1 ,...,a fc a Ql A/(„-a fc ,...,a 2 -a 1 )- 

k— 1 O^ai <---<afc ^n— 1 

For 71 = 1 we obtain fi(a,ti)(P n ) = a n + f n -ia n ~ 1 ti + • • • + /oi™ is a homogeneous /-polynomial 
in two variables ( [Buchj ) . So the polynomial /„ is a generalization of the /-polynomial. 
Consider the increasing sequence of rings 

Z[a] cZ[a,*i] CZ[a,h,t 2 ] C ... 

with the restriction maps E r : Z[a, t\,..., f r +i] — > Z[a, t±,...,t r ] 

(E r g)(a,t 1 , ...,i r ) = . . .,i r ,0). 

Since / r +i(a, ti, . . . ,t r , 0)(P n ) = /r(a, ii, • ■ ■ , tr){P n ), we obtain the ring homomorphism 

/ : P — >• Qsym[ti, i 2 , . . .][a] C hmZ[a, ii, . . . , i r ] : 

r 

n 

/(a,t 1 ,i 2 ,...)(P") = a n + E E /a 1 ,...,a fc a ai M(„- afe ,....a 2 -a l) . 

fe=l O^ai < -<a fe ^n-l 

Definition 6.2. For a set 5 = {ai, . . . , a^} C {Q, 1, . . . , n — 1} let us denote by uj(S) the composition 
(n — afe, afc — dfe-i, . . . , 02 — ai) of the number n — ai. 

Then we can write 

/( P ") = E E /sa 0l M u(S) 

t>0S: l(S) = k 
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6.2 Image 

It follows from the formula, that the restriction 

f(a,ti,...,t r ,t r+ i,...) -> /(a,ti, ...,t r ,Q,0, ...) = f r (a,ti,...,t r ) 
is injective on the space of all n-dimensional polytopes, n ^ r. 

Theorem 6.3. The image of the space V 2n generated by all n-dimensional polytopes in the ring 
Qsym[£i, . . . , t r ] [a], r ^ n under the mapping f r consists of all the homogeneous polynomials g of 
degree 2n satisfying the equations 

1. 

g(a, h,-ti,t 3 , ...,t r ) = g(a, 0, 0, t 3 , . . . , t r ); 
g(a,ti,t 2 , -t2,*4, • • • ,*r) = g{a,h,0, 0,*4 • • ■ >*r); 

g(a, ti,..., t r _ 2 , ~*r-i) = *i> • • • > *r-2, 0, 0); 

2. 

g(-a,ti, . . .,t r -i,a) = g(a,ti, . . .,t r -i,0); 

These equations are equivalent to the Bayer-Billera (generalized Dehn-Sommerville) relations. 

Proof. $(-*)$(*) = 1 = $(0)$(0), therefore 

£,<5(t r ) . . . $(t 3 )$(-ti)$(ti)P n = (*r) ■ • ■ <f (t 3 ) < f(0)$(0)P rl ; 
£ a $(t r ) . . . $(t A )$(-t 2 )$(t 2 )$(ti)P n = &*(*r) • • • $(t 4 )$(0)$(0)$(ti)P n ; 

fa*(-*r-l)*(tr-l)*(tn-2) ■ • ■ - £ Q $(0)$(0)$(t r _ 2 ) . . . $(ti)P". 

On the other hand, Proposition ^. 531 gives the last relation 

Now let us proof the opposite inclusion, that is if the homogeneous polynomial g of degree 2n satisfies 
the conditions of the theorem, then g = f r (p n ) for some p n G V 2n . 

Lemma 6.4. Let P n be an n-dimensional polytope. Then 

1. The equation 

f r (a, ti, . . . ,t q , -t q , ...,t r ) = f r {a,t 1} . . . , 0, 0, . . . , t r ) 

is equivalent to the generalized Dehn-Sommerville relations 
at+i— l 

y , ( — ^ * fax, o f , j, at + i, a k = (l + ( — 1) * +1 * ) fai, ■■■■ a t , a t +i, —, a k 
j=a t +l 

for 1 ?C k $J min{r — 1, n — 1}, fc + 1 — q ^ t ^ r — q. 

2. The equation 

f r (— a,ti, . . . ,i r _i, a) = / r (a,ti, . . . ,t r _i, 0) 
is equivalent to the generalized Dehn-Sommerville relations 

a± — 1 

E (-ly/Aax, .... a t = (1 + (-If 1 - 1 )/^ ...,„» 

/or ^ fc $J min{r — 1, n — 1}. 
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Proof. 



min{r, n } 



«"+ E E /■ - "" : E C°*-C 

fe=l OsJai<-<a fc <n-l \ l^h <••• <Z fc <r 



— * 9 



minjr— 2,n} / \ 

= E E Y, C°*"-C" 01 + 

fc=l 0^ai<---<a fc ^ri-l \l^(l<---<(fc^i", ijT^g, 9+1 / 

min{r— 1, n} / 

i f „,ai I ,n-a fc ,a k+2 -j -a k + 1 -j ,a 2 -ai 

+ 2^ Ja 1 ,...,a fc a I ^ r h ••• r 9 ••• r i t; 

fe=l 0<ai<---<a fc ^n-l ^ l^Ji <••• <l j =q< — <l k ^.r, + 1 

min{r— 1, n} / 

+ E E E c afc ---(-^) afc+w "°^ •••c 

fc=l 0^ai<---<a fc ^n-l \l^Ji<-"<^+i=g+l<-"<ifc^r, Ij^q 

min{r, n} / 

£ £ /ax,...,-*" 01 E t»-*...(-l)«*+i-i-«*-it-*+^- ''-^ 

fc=l 0^ai<---<a fe ^7l-l V l^ii<---<( 3 =9<ij+l=9+K---<ife^r 

The first and the second summands form exactly f(a, ti, ... ,0,0, ... , t r ). Therefore all the coefficients 
of the polynomial consisting of the last three summands should be equal to 0. 

Consider the monomial a ai f{~ ak . . . tg t+1 at . . . tf'*~ ai . Here q = Ik+i-t- The existence of a monomial 
of this form in the sum is equivalent to the conditions 

k < minjr — 1, n — 1}, fc + 1 — t ^ q, t — l^r — q— 1. 

The coefficient of the monomial should be equal to 0. This is equivalent to the relation: 

ot+i-l 

(1 + (_!)«*+!-«*) /aii 

, at, at + i, a-k 

+ E (- 1 ) j " at /a 1> ... ,a t , o t+ i, a k — " 

j=a t + l 

Now let us consider the remaining relation f r (—a, t\, . . . , t r -\,a) = f r {ot, t\, . . . , t r -\, 0): 

minjr— l,n} / \ 

= (-«)"+ E E /-!,..., -*(-«r E *?r 0fc -"*?r 01 + 

fc=l 0^ai<---<a fc ^n-l \ l^li<--<lfc^r-l / 



min{r. n} / 

+ E E fau.-.aA-ari e - 

fc=l 0^ai<---<a fc ^n-l \1^2i<--<lfc=r 

min{r— 1, n} / 

« n + £ E - ""' E t?r 0fc -"*?r 01 

fe=l 0<ai<---<a fc ^n-l <---<(fe <r-l 

This is equivalent to the relations 

ai — 1 

, oi, a fc /oi, a k 

3=0 

for ^ k ^ minjr — 1, n — 1}. If fc = 0, then the corresponding relation is exactly the Euler formula 

(-1)" + (-l)"" 1 /™-! + • • • + h ~ h + fo = 1. 

□ 
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Corollary 6.5. For r ^ n relations 1. and 2. of the theorem are equivalent to the generalized Dehn- 
Sommerville relations for the polytope P n : For S C {0, . . . , n — 1}, and {i, k} C S U { — 1, n} such that 
i < k - 1 and S D {i + 1, . . . , k — 1} = 0: 

E (-ly-'-'fsum = (i - (-i)*-*- 1 )/*- 
j=i+i 

Proof. We see that relations 1. and 2. follow from the generalized Dehn-Sommerville relations. 

On the other hand, if i = — 1 then the corresponding relation follows from equation 2. 

If S = {a±, . . . , at, at+i, . . . , a s }, i = a t ^ 0, and k = a t +i; or S = {oi, . . . , a t }, i = at, and k = n, 
then we can take g such that s + 1 — t ^ q ^ r — t. □ 

Remark 6.6. For n-dimensional polytopes for different r ^ n not all the equations are independent. 

For i = — 1 relation <j3j> follows from equation 2. and all the equations of type 1. do not contain the 
case i = —1. 

On the other hand, let S — {a%, . . . , at,at+i, ■ . ■ , a s }, i — a t ^ 0, and k — a t +\, or S — {a\, . . . , at}, 
i = a t , and k = n. Lemma [6.4l implies that relation (|3]) follows from the equation with s+1 — t ^ q ^ r—t. 
Let us denote a = s + 1 — t, b = r — t. There are two conditions for s, t, namely 

1 ^ s ^ n — 1 and 1 ^ t ^ s. 

Let us rewrite these conditions in terms of a and b: t = r — b; s = a + t — 1 = a — b -\-r — 1, so 

r — n ^ b — a ^ r — 2; 6 ^ r — 1; 1 ^ a 

This gives us a triangle on the plane (a, o). Each point (a, o) of this triangle corresponds to the conditions 
a ^ q ^ b, that is there should be the equation for q in the segment [a, 6]. We can imagine that this 
segment is the segment [(a, a), (a, &)] on the plane. 

Thus for r = n all the equations for t\, . . . , t n _\ are necessary, for r — n + 1 it is enough to take the 
equations for q = 2, 4, 6, . . . , 2[^]. If r ^ 2n — 2 one equation 

/(a, ii, . . . , t n _i, — i„_i,i n +i, . . . , t r ) — f(a, t±, . . . , 0, 0, £ n +i, . . . ,t r ) 

gives all the relations of type 1. 

Now let us finish the proof of the theorem. If the homogeneous polynomial g G Qsym[£i, . . . ,t r ][a] 
of degree 2n satisfies all the relations of the theorem, then its coefficients satisfy the generalized Dehn- 
Sommerville relations. Therefore all the coefficients are linear combinations of the coefficients g ai ,..., a k , 
where S = {oi, . . . ,ak} G As we know, the vectors {fs(Q), S G Q G Q n form a basis of the 

abelian group of all the vectors {fs, S G fs G Z} = Z c ». So the vector {g$, S G is an integer 
combination of the vectors {fs(Q), S G ^ n }, Q £ £l n . This implies that the polynomial g is an integer 
combination of the polynomials f r {Q), Q G f2 n with the same coefficients. □ 

Let us remind that rank of the space f r {P 2n ), r n is equal to c n . 
Proposition 6.7. Le£ r 2, and Zei P n oe an n- dimensional polytope. Then 

f r (a, t U ..., t r )(P n ) = /i(a, t X + • • • + i r )(P») 

if and only if P n is simple. Here f±(a,t) is a usual homogeneous f -polynomial in two variables. 

Proof. On the ring of simple polytopes dk\ v = jt > so — e * rf - 

Then $(t r )$(t r _i) . . . = *(ti+- • -+t r ), therefore / P (a,ti, . . • ,«r)(P") - /i(a,<i+- ■ •+t r )(P")- 

On the other hand, let f r (a, h, . . . , t r )(P n ) = /i(a,*i + • • • + t r ){P n ). 
Then f 2 (a,t u t 2 )(P n ) = fi{a, t x + t 2 )(P n ). So 



ri— 1 n— 1 

i=0 0^i<j'^n-l i=0 



In particular, /qi = n/o, since the coefficients of the monomial i" on the left and on the right are 
equal. Hence 2/i = / i = nf . This implies that the polytope P n is simple. □ 
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Remark 6.8. Letting r tend to infinity we obtain that /(a, t\,t 2 , • • • ){P n ) — fi( a i t± +t 2 + .. . )(-P n ) 
if and only if P™ is simple. 

In the case of simple polytopes the equations of the first type are trivial, but the equation of the 
second type has the form: 

fi(-OL,h H 1- t r -i +a) = fi(a,ti H h i r _i) 

If we denote i = £]. + •■• + i r -i, then a, a + i) = fi(a,t). This equation is equivalent to the 
Dehn-Sommerville relations (after the change of variables h(a,t) — fi(a — t,t) it is equivalent to the 
fact that h(a,t) — h(t,a)) 

6.3 Characterization of the generalized /-polynomial. 

In this part we find the condition that uniquely determines the generalized /-polynomial. 
At first let us find the relation between f(P n ) and f(dkP n ). 

Proposition 6.9. For any polytope P" 6 V we have 



f(a,h,t 2 ,...)(d k P n ) 



1 d k 



f(a,t,t u t 2 ,...)(P n ) 



t=o 



Proof. Indeed, both expressions belong to Qsym[a], and they are uniquely defined by their restrictions 
to n variables. Then we have 



1 d k 



f n+1 (a,t,h,t 2 ,...)(P n ) 



f n+ i(a,t,ti,t 2 , ■ ■ .,t n )(P n ) = 



S„+i=i„ +2 =-=0 



1 d k 



M dt k 



£ Q $(i„) . . . $(tx)$(t)P" = £ a $(t n ) . . . $(ti)rf fc P n 



f n (a, t u t 2 ,..., t n )(d k P n ) = f(a, h,t 2 ,... )(d k P n )\ tn+1=tn+2 



□ 



Corollary 6.10. 



f(a, t, h,t 2 ,... )(P") = f(a, h,t 2 ,... )(P") + f(a, t u t 2 ,.. .){dP n )t+ 
+/(a, h,t 2 , . . . ){d 2 P n )t 2 + ■■■ + /(a, h,t 2 ,... )(d n P n )t n 
f r+1 {a, t, h, . . . , t r )(P n ) = f r {a, t u . . . , t r )(P n ) + f r (a, t lt . . . , t r )(dP n )t+ 
+f r (a, t r )(d 2 P n )t 2 + ■■■ + f r (a, t 1} ... , t r )(d n P n )t n , r > 0; 



Proof. The first equality follows from Proposition [6T9J 
In fact, both equalities can be proved directly: 

n 

f r+1 (a, t,h,..., t r )(P n ) = £ a <P{t r ) . . . $(t X )$(f)P" = £ (f Q *(*r) • • ■ $(tlRP") < fc = 

k=Q 

n 

= Y J fr{aMi---it r )(d k P n )t k . 

k=0 

Letting r tend to infinity we obtain the first equality. □ 

The first equality of Corollarv l6.10l is equivalent to the condition f(a, t\,t 2 ,... ){<&(t)P n ) — f(a, t,ti,t 2 ,... )(P n ). 
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Thus we see that the following diagram commutes 

V Qsym[h,t 2 ,...][a] 



V[t] Qsym[t,ti,t 2 ,...][«] 
where f(t) = t, and T : Qsym[ii, t 2 . . . ] [a] — > Qsym[t, ti, t 2 , ■ ■ ■ ] [a] is a ring homomorphism: 

Tg(a,ti,t 2 ...) = g(a,t,ti,t 2 ,...), g G Qsym[ii, i 2 , . . . ][a]. 

Remark 6.11. Note that / r (a,*i, . . . , t r )($(t)P n ) = / r+ i(a, i, *i, . . .,t r )(P n ) for all r ^ 0. 

Consider the ring homomorphism T r+1 : Qsym[i x , . . . , £ r ] [a] — > Qsym[£ , t\ , . . . , t r ) [a] defined as 

T r+1 (a) = a, T r+ iM w (*i,...,i r ) = M w (i, t 1} . . . , £ r ) 

Then the corresponding diagram / r (a, ti, • • • , i r )($(i)-P n ) = (T r+ i/ r )(a, t,ti,. . . , t r ) commutes only for 
r ^ n. 

Theorem 6.12. Let V : "P Qsym^ii^ • • ■][&] be a linear map such that 

1. V(a,0,0,...)(P n ) =a"; 

2. The following diagram commutes: 

V — Qsym[ti,t 2 ,...][a] 



7>[i] — Qsym[t,ti,t 2 ,...][a] 

T/ien V = /• 

Proof. The hrst condition implies that "4>(a, 0, 0, . . . )(p) = for any p eV. 
Let ^(P») = a" + £ ^ w (a)M w , and let w = (ji, . . .,j k ). 

Since t, h, t 2 , . . . )(P n ) = V>(<Mi,t 2 , . . . )($(t)P n ), we have 

V>(a, yi,y2,...,y k ,ti,t 2 ,... ){P n ) = V>(a, t u t 2 ,... )($(y fc ) . . . $(t/i)P n ) 

Therefore, 

V(a, »i, • • . , y h , 0, 0, . . . ) = ^(a, 0, 0, . . . • • • ^(j/i)^ 1 ) - £ Q <% fc ) • • • <%i)P" = f(a, y u . . . , y fc , 0, 0, . 

Hence il> u (a) = /s(w) Q: ™ _ '"' > where = {n — |w|,n — |u>| + jfc, . . . , n — 71}. This is valid for all w, so 
V> = /. ' ' □ 

Remark 6.13. Let us mention that the mapping T is an isomorphism Qsym[ii, t 2 , ... ][a] — > Qsym[i, t\, t 2 , . 
while $ is an injection and its image is described by the condition: p(t) e $(V) is and only if 

On the ring of simple polytopes we have /(a, ti, t 2 , . . . )(p) = fi(a, t\ + t 2 + . . . )(p) = fi(a, a\)(p), 
so the image of T s belongs to Z[a,ai]. On the other hand, = e td , so we have the condition 

fi(a,t 1 )(e td p) = f 1 (a,t + t 1 )(p). 

Proposition 6.14. Let ip : V s — > 7L\ct, t] be a linear mapping such that 

1. i>(a,0)(P n ) = a n ; 

2. One of the following equivalent conditions holds: 

(a) ilj(a,t 1 )(e td p)=ip(a,t + t 1 )( P ); 
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(b) i>(a,t)(dp) = fMa,t)(p). 



Then if) = f\. 



Proof. Let conditions 1 and 2a hold. Then 



e td p) = 0)(e^ d P ) = + ^)p = A (a, t t + t)(p). 



It remains to prove that conditions 2a and 26 are equivalent. 

Indeed, if ip(a,ti)(e td p) — ip(a, t + ii)(p), then ip(a,t)(j>) = ip(a,0)(e td p), therefore 



-iP(a,t)(p) = -i,(a,0)(e td p) = ^(a,0)(e td dp) = ^{a,t){dp). 
Now let ip(a,t)(dp) = §iip{a,t)(jp). Then 




□ 



Proposition 16 . 141 in the form 1, 2b was first proved in [Buchj . 



7 Structure of V* 



7.1 Main theorem 

Definition 7.1. Let us denote by V* the graded dual Hopf algebra to V. 

Let us identify the Hopf algebra A4, which is the graded dual Z* to Z, with Qsym[ti, £2, • ■ • ]■ 
The mappings L: Z — > V, 3i: Z op — > V, Zi — > di are surjections, so the dual mappings are injections. 

So the ring homomorphisms C* , and 31* = g* oL* define two embeddings T>* C Qsym, which are related 

by the involution g* = *. 

In fact, £* defines an embedding £>* C Qsym as a Hopf subalgebra, while for 31* we have 



where TQ sym is a homomorphism Qsym® Qsym — > Qsym® Qsym that interchanges the tensor factors: 
TQ SJ/m (a; ®y)=y®x. 

Definition 7.2. For each r let us define the ring homomorphism 31* : T>* — > Qsym[ti, . . . ,t r ] by the 



Since the restriction Qsym —¥ Qsym[ii, . . . ,t r ] is injective for any graduation (2n), n ^ r, we see 
that 3?* is injective for graduations (2n), n ^5 r, of 2?*. 

Theorem 7.3. Let r n. T/ien £/ie image of the (2n)-th, n ^ 1, graded component of the ring T>* in 
the ring Qsymfti, . . . ,t r ] under the map 31* consists of all the homogeneous polynomials of degree 2n 
satisfying the relations: 



A O 31* = TQ S y m 



o(3i* 8f)oA, 



formula 



3$(V0 = K*(V0(ti,...,*r,O,O,...) 



-ii, t 3 , ...,t r )= g(0, 0, i 3 , . . . , t r ); 
g(ti,t2, £4, • ■ • , i r ) = 0, 0, £4, . . . ,t r ); 



<?(tl> . . . , £ r -2) tr-lt —tr-l) — gi^li ■ ■ ■ 1 t r -2, 0, 0). 
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Proof. The ring 31* (V*) C Z* consists of all the linear functions ip € Z* satisfying the property: 

(ll>,Zl$(t)$(-t)z 2 ) = (ll> i Z 1 Z2) (15) 

for all Z\, z 2 S Z, that is the coefficients of all t k , k ^ 1, on the left are equal to 0. 
We have 

UJ UJ 

Therefore, 

r 

tt*W = E E &> d 3k ■■■ d h) M <Jx,-,0k) (*!>•• M*r) = 

=E E ••■<**> E *£•••*£ = 

fc=0(j'i,...,3'fc) l<Ji<-<2 fc sSr 



= E E E ^^•••^i 1 ) = ^,^)...^i)> 

fc=0 Cji,-,Jh) l<2i<-<ife<r 



Then 



ft*(V>)(*l, • • . , ti, -ti, • . . , tr) = (ip, $(*r) . . . ^(-t 4 )*(ti) . . . $(ti)> = 

(V>, $(t r ) . . . *(0)*(0) . . . $(«!)) =^(^(^,...,0,0,..., i r ) 

On the other hand, let 5 £ Qsymjii, . . . , t r ] be a homogeneous polynomial of degree 2n satisfying all 
the relations of the theorem. Consider a unique homogeneous function ip S M such that degip = 2n, 
and ip(ti, . . . , t r , 0, 0, . . . ) = g. Let us prove that ip belongs to the image of T>* under the embedding 31* . 

It is sufficient to prove the relation (|15p in the case when zi, Z2 are monomials. Since 

$(*)$(-*) = 1 + (Zi - Zi)t + (2Z 2 - Zf)t 2 + ■ • ■ = 1 + (2Z 2 - Z\)t 2 + ..., and deg ip = 2n, 
the cases deg^i + deg z 2 = 2n and 2{n — 1) are trivial. Let 

zi = Z m z 2 = Z u >, uj = (jx,.. . ,ji), J = . . . ,j' v ), \u)\ + \uj'\ =n-k, k > 2. 
Then the only equality we need to prove is 

(ip,z u (j2{-iyz k _ t z)j z„>) = 

Let us consider the equality 

g(t\, . . .,ti,ti + i, -ti + i,ti + a, . . . ,i/+2+/', • • • ,t r ) = g(ti, ...,ti,0, 0,i/ +3 , . . . , i; +2 +;', ...,t r ). 

The coefficient of the monomial t^ 1 . . . tf tf +1 tj^_ 3 . . . £^ 2 +;' on * ne ^ e -^ * s exac tly 

k / k \ 

Yjy-rf^iZvZk-iZiZ,,,) = (ip,Z u Z "')> 

i=0 \i=0 / 

and on the right it is equal to 0. So (ip, Z^(t)^(-t)Z u ,) = for all w, u/, therefore, ip £ 3T (£>*). □ 
Definition 7.4. Let us define the operations ®k '■ ^[ti,t 2 , ...]—> Z[i, ii, i 2 , • ■ • ] as 

@fcfl , (*l)*2, ■ • ■ ) = • ■ - ,tk-l,t, -t,tk,tk+l,- ■ ■ ) 

Corollary 7.5. TTie rinj C Qsym is defined by the equations 

g G 31* (T>*) if and only if Q k g = g for all k 1. 
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Proof. Let g be a homogenous quasi-symmetric function of degree 2n representing the function ip £ T>*. 
Since g has bounded degree, each monomial of g{t\, . . . , tfe_i, t, —t, t k , ife+i, ■ ■ • ) appears with the same 
coefficient in the polynomial gy+2(*i, • ■ • , *k-i, -t,t k ,..., t r ) = g(t\, . . . , t k -\, t, -t, t k , ■ ■ ■ ,t r , 0, 0, . . . ), 
when r is large enough. Then Theorem 17.31 implies that 



<?r+2(il, ■ ■ ■ , £fc-l; — t, tk, ■ ■ ■ , t r ) — .9r+2(£l, ■ ■ • ; tk-1, 0, 0, tk, ■ ■ ■ , 

Therefore each monomial containing t has coefficient 0, so g(t±, . . . , t k -i, t, —t, tk, ■ ■ ■ ) does not depend 
on t. So we can set t = to obtain 

g(h, . . .,t k -i,t, -t,t k , ■■■)= g(ti, . . .,^-1,0,0,^, . ..) = g(ti, ■ ..,tk-i,t k , ...) 

On the other hand, let g £ Qsym 2n be a quasi-symmetric function such that Qkg = g for all k ^ 1. 
Then for g n (ti, ...,*„) = g{t 1 , ...,*„, 0, 0, ...) we have 

gn (t\ , . . . , , £j , ti , ^2+2 , • • • , tn ) g \t\ , ■ • ■ ,t{ — \,t{, ti,tj i j r 2, • • • , t n ,0,0,...) 

= g(ti, ■ ■ ■ , ti-i,ti + 2, ■ ■ ■ , t n , 0, 0, . . . ) = g n (ti, ■ ■ ■ , ti-i, ti + 2, . . . ,t n , 0,0) = g n {ti, ■ ■ ■ , U-i, 0, 0, ■ • • , t n ) 

for 1 ^ i ^ n — 1 . Then Theorem 17.31 implies that g n = ^Kii^) f° r some function ip £ T>* of degree 
2n. Since the restriction g(ti, ti, ■ ■ ■ ) — > g{ti, ■ ■ ■ , t n , 0, 0, . . . ) is injective for graduation 2n, we have 
g = 3l*ip. □ 

Remark 7.6. Since 31* — g* o L* , and the subring 31* (T>* ) C Qsym is invariant under the involution 
g* = *, Theorem 17.31 and Corollary 1 7 . 5 1 remain valid for the mapping L* . 

Proposition 7.7. T>* <E> Q is a free polynomial algebra 

£>* ® Q ~ Q[LYN otW ], 

where UYN 0( id are Lyndon words consisting of odd positive integers. Rank of the (2n)-th graded compo- 
nent of T>* (g> Q is equal to the (n — l)-th Fibonacci number c n -\. 

Proof. This follows from Proposition 15 .f 01 Corollary 13. 2 f I to the shuffle algebra structure theorem, and 
Corollary [5Jl □ 



7.2 Applications 

Let T>* [a] be a graded ring of polynomials in variable a, where dega = 2, and for the element ipi of 
graduation 2i the element if) id? has graduation 2(i + j). 

Let us consider the mapping (p a : V — > T>* [a] , defined by the formula 

(<p a (P),D)=£ a (DP) 

for D £ V. Then 

(<p a (PxQ),D) = Co (D(P x Q)) = £ a D[P x D'lQ^j = ^ %,D> t F) (^D'/Q) = ( 9a (P) ■ <p a (Q),D), 
where A(D) — ^D^® D'( . So ip a is a ring homomorphism. 

i 

Proposition 7.8. We have 31* o tp a = f , where f is the generalized f -polynomial. 
Proof. Indeed, 

31* o <p a {P) = ° Va(P), Z u ) M u = ^(^(P),^) M w = 

= ^(^ Q (P),£) W ,)M W = ^ ^a(-Dw-P) Mj. = f(P) 

□ 
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Proposition 7.9. The image of the space V 2n under the mapping ip a : V — > T>* [a] consists of all 
homogeneous functions ip(a) of degree In such that 

<V>(-a), = (ip(a),D) (16) 

for all DeV. 

Proof. According to Proposition 12 . 531 we have £_ a $(a) = £ a , so if ijj(a) = <p a (p), then 

(il>(-a),*(a)D) = e_ a *(a)i?p = £ a D P = (i>(a),D). 

On the other hand, let condition (|16p hold. Then the polynomial g(a, ti, . . . , t n ) = 3?* i/j(a) satisfies the 
relation 

g(-a,t u ...,t n -i,a) = (ip(-a), $(a;)$(i n _i) . . . $(t x )) = 

= (0(a), $(0)$(t„_i) . . . $(ti)) = 5 (a, fx, . • . , t„_i, 0). 

Theorem 17.31 implies that the polynomial g satisfies all the relations of Theorem 16.31 so g — f n {p n ) for 
some p n g V 2n . We have 3i*i/>(a) = g = f n (p n ) = ^■n L Paip n )- Since the restriction Ji* -> 3?* is injective 
on the (2j)-th graded component of the ring V* for j ^ n, and ft* is an embedding, we obtain that 
^{a) = <p a {p n ). □ 

There is a right action of the ring V on its graded dual V* : 

(i/},D)-)-ipD: (ipD,D') = (tjj,DD'). 

If degip = 2n and degZ? = 2k, then degV'-D = 2(n — k). Similarly, there is an action of 2? [[a]] on 
T>* [[a]]. Then condition (fT6|) means that ip(—a)&(a) — ip(a). Since for any homogeneous function ip(a) 
of degree 2n the function ip(a)$(a) still has degree 2n, we obtain the corollary. 

Corollary 7.10. Let tp(a) G V*[a]. Then 

i>{a) € Lp a (T) i/)(-a)$(a) = ip(a). (17) 



Let tp( a ) — "00 + ^Pi a + • • • + ^nCt™, w(a) = ipo + i J 2 a2 + 4>aci a + ■ ■ ■ , w(a) = + "03a 3 + . . . . Then 
u(a)$(a) — w(a)<$>(ct) = u(a) + w(a). Therefore, 

u{a) ($(a) - 1) = w{a) ($(gj) + 1) . (18) 

For example, 

■0 o eJ=20>i; ^0^3 + ip2d — tpid 2 + 2ip 3 . 

Consider the Hopf algebra V eg) Z[i]. Then for the graded dual over Z[|] Hopf algebra we have: 
(2? ® Z[±])* ~ X>* <g> Z[±]. The condition that describes the image of the ring V (g> Z[±] in D* (gi Z[|][a] 
is the same, namely relation ([TBI . 



Proposition 7.11. In the ring T>* <g)Z[i][a] relation HI 8]) is equivalent to the relation: 

. . . ,$(a)-l . , — . ,v^. / $(a) - 1\ 
w(a) = u(a)— - 7-^ -=u(a) - = M (a) > (-ir 1 — ^ . (19) 



Remark 7.12. In fact, equation (fT9|) implies that the function w(a) is odd, if the function u(a) is even. 
Indeed, 

w(-a) = u (-a)|^l_l = „(«) = u(a)(l - $(a))$(a)" 1 (l + $ (a))" 1 <&(<*) = 

$(a) - 1 
9(a) + 1 

Therefore for any even function u(a) the function ip(a) — u(a) + u(a) = u ( a )^^q~r belongs to 

the image of ip a 
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Remark 7.13. The same relation is valid in 27* ® Q[a]. 

Let us take <p a (p) with a — 0. Then we obtain the classical map 

Vo-.T^V*: p^Mp) (<Po(p),D)=Z Dp, VptV, DeV 
Proposition 7.14. The mapping ipo <g> 1 : V ® Z[|] 2?* ®Z[|] is a surjection. 

Proof. Let € 27* ® Z[|]. Consider the element V'C ) = w(a) + w(a), u(a) = w(a) — i/j gferpj ■ 
According to Z[i]-version of Corollary 17.101 we obtain that ^(a) = ¥? a (p) 6 y Q ® 1(2' (8> Then 
V>o = </>(0) = Vo(p). " □ 

Question 7.15. What is the image of the map tpo over the integers? 

Remark 7.16. Let us note, that the space V / Ker tp a consists of the equivalence classes of integer 
combinations of polytopes under the equivalence relation: p ~ q if and only if p and q have equal flag 
/-vectors. Rank of the (2ro)-th graded component of the group V j Ker ip a is equal to c n ( RBI , see also 
Section 2.5). 

On the other hand, by Corollary 15.71 rank of the (2n)-th graded component of the ring 27* is equal 
to c„__i , so the mapping tpo : V / Ker tp a — > 27* is not injective. 

Example 7.17. Let us consider small dimensions. 

• n=l. V/ Ker ip a is generated by CC = I. The ring 2? in this graduation is generated by d. Then 
<p (I) = 2d*. 

• n = 2. V j Ker ip a is generated by CCC = A 2 and BCC = I 2 . 27 has one generator d 2 . Then 
V? (A 2 ) = 3d*,, (p {I 2 ) = 4d*. Therefore, d* 2 = y> (/ 2 - A 2 ), Ker</? is generated by 3/ 2 - 4A 2 

• n = 3. V/Kerip a is generated by BCCC,CBCC = CI 2 ,CCCC = A 3 , while 27 is generated by 
e?3, <i2<i. Then 

p (BC 3 ) = 5d* + 18(d 2 d)*, tp (CBC 2 ) = 5d* 3 + W(d 2 d)*, ¥>o(C 4 ) = + I2(d 2 d)* 
So Im^o has the basis d 3 , 2(d 2 d)* and Ker ip is generated by 2BC 3 — 6CBC 2 + 5C 4 . 
Here by D* we denote the element of the dual basis: (D^, D a ) = <5 U)CT 

8 Multiplicative Structure of f(V) Q 

Theorem 8.1. The ring f(V) <S> Q is a free polynomial algebra. 
Proof. According to Proposition 17.71 we have: 

2?*®Q~Q[LYN 0(M ], 

where UfN oc id are Lyndon words consisting of odd positive integers. This is a free polynomial algebra. 
Therefore 27* ® Q[a] is a free polynomial algebra in the generators LYN dd and a. 

Let {fx} be the functions in 27* <gi Q corresponding to the Lyndon words. Consider the polynomials 
fx (a) defined as 

$(a) - 1 e s(a ) - 1 

fx(a) = u x (a) + w\(a); u x (a) = fx, w x {a) = f\ -^\ - 1 = h eS ( a) + 1 

Each polynomial (a) is a homogeneous element of degree deg fx ■ Let us identify 27* with its image in 
Qsym[ti,t2, . . . ] under the embedding 31* . 

Then according to Remark EH we have: f x (a) £ f(V ® Q) = f{V) <g> Q. 

Lemma 8.2. /(P)®Q = Q[A(a),a 2 ]. 
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Proof. At first let us proof that the polynomials {/a (a)}, a 2 are algebraically independent. 

Let g G Q[a;, 2/1,2/2, • • • ,y s ] be a polynomial such that g(a 2 , /i(a), . . . , f s {ot)) = 0. We can write this 
equality as 

g (h(a), /») + <? 2 (/i(a), • • • , /»)« 2 + • • • + 92t(/i(a), • • • , J»)a 2 ' = 
for some integers s,t. Let us set a — 0. Then we obtain 

ff O (/l,...,/a) = 

Since {/a} are algebraically independent, go = 0. Since 2?* [a] is a polynomial ring, we can divide the 
equality by a 2 to obtain 

S2(/i(a), • . • , /.(a)) + 54 (/i(a), • ■ • , /»)a 2 + • • • + </2t(/i(a), . . . , / s (a))a 2t ~ 2 = 

Iterating this step in the end we obtain that all the polynomials g^i = 0, i = 0, 1, . . . , 2t, so g = 0. 
Now let us prove that the polynomials {f\(a)},a 2 generate f(P) <8> Q- 

Let ip{a) = V'o + V'i^H V^n^ 71 E f(P)®Q be a homogeneous element of degree 2n. The functions 

{/a} generate V* (g> Q, so we can find a homogeneous polynomial go € Q[j/i, ■ • ■ , y s ] such that 

go(h,---,fs)=i>o, deg /j ^ 2n 

Let us consider the element ?p(a) — go(fi( a ), ■ ■ ■ , fs{&)) G f(P) ® Q- Since 0i — 6^0 ^ for any 

0(a) = 0o + 01 a + 02a 2 + ■ ■ • + 0r-a r G f{P) Cg> Q, 

we obtain that 

V>(o0 - 5o(/i(a), . . . , f s (a)) = ip(a)a 2 . 

is a homogeneous element of degree 2n. %j)(a)a 2 G /(P) <8> Q, so a)a 2 $(a) = ?/;( a ) a2 - Since 
V* ® Q[a] is a polynomial ring, a)$(a) = ^p(a), so ^(a) G /(P) <8> Q is a homogeneous element of 
degree 2 (71 — 2). 

Iterating this argument in the end we obtain the expression of ip(ot) as a polynomial in {fx(a)} and 
a 2 . □ 

This lemma proves the theorem. □ 

Let us note that dimension of the (2n)-th graded component of the ring f(V) ® Q is equal to the 
n-th Fibonacci number c n . 

Corollary 8.3. There is an isomorphism of free polynomial algebras 

/CP) ® Q ~ Q[LYN od(i , a 2 ] = A/" orfd <g> Q[a 2 ] ~ Q[LYN 12 ] = M2 ® Q. 



Proof. Indeed, these three algebras are free polynomial algebras with the same dimensions of the cor- 
responding graded components: dimension of the (2n)-th graded component of each algebra is equal to 
c„ □ 

Let us denote by k n the number of multiplicative generators of degree 2n. According to Corollary 
I8.3I for n 3 the number of generators k n is equal to the number of Lyndon words of degree 2n in 
LYN dd or in LYN i2 . 

For example, for small n we have 



n 


LYN 2 2 


LYN 2 '], 


3 


[1,2] 


[3] 


4 


[1,1,2] 


[1,3] 


5 


[1,2,2], [1,1,1,2] 


[5], [1,1,3] 


6 


[1,1,2,2], [1,1,1,1,2] 


[1,5], [1,1,1,3] 


7 


[1,2,2,2], [1,1,2,1,2], [1,1,1,2,2], [1,1,1,1,1,2] 


[7], [1,1,5], [1,3,3], [1,1,1,1,3], 
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Corollary 8.4. 1. k n+ ± ^ k„ 

2. k n ^ N n — 2, where N n is the number of different decompositions ofn into the sum of odd numbers. 

Remark 8.5. It is a well-known fact, that the number of the decompositions of n into the sum of 
odd numbers is equal to the number of the decompositions of n into the sum of different numbers. For 
example, 

2 = 1+1 = 2 

3= 1 + 1 + 1, 3 = 1 + 2, 3 

4= 1 + 1 + 1 + 1, 1 + 3 = 1 + 3, 4 

5 = 1 + 1 + 1 + 1 + 1,1 + 1 + 3,5 = 1 + 4,2 + 3,5 

Proof. 1. ki = k 2 = ky, = 1. 

Let n ^ 3 and let w = [ai,...,a k ] G LYN^. Then Iw = [1, a lt . . . , a k ] G LYN^™ +1) . Indeed, 
for any proper tail [dj, . . . , ak], % ^ 1 if a% > 1, then [aj, . . . , a k ] > lw. If = 1 then i ^ k and 
[oi+i, . . . , Ofc] > [ai, . . . , o/t], since w is Lyndon. Thus fc n+ i ^ fc„ 

2. Any decomposition n = d\ + • • • + dk into the sum of odd numbers d\ ^ d 2 ^ • • • < dk gives a 
Lyndon word [d\ , . . . , dk] € LYN 0( jd, except for the case, when k > 1, d\ = ■ ■ ■ = dk = d ^ n. 

If d ^ 5, then the word [1, d — 2, 1, d, . . . , d] is Lyndon. When d = 1 or d = 3 there can be no 

Lyndon word corresponding to the decomposition n— H hi or ra = 3 H h 3, as it happens 

for n — 6: 

6=1+5=3+3=1+1+1+3=1+1+1+1+1+1 
We have fc 6 = 2 and 7V 6 = 4. Thus k n > N n - 2. 

□ 

Then we obtain the corollary: 

Corollary 8.6. For any t, \t\ < , there is the following decomposition of the generating series of 

Fibonacci numbers into the absolutely convergent infinite product: 



i + 1 + 1 2 + 2t 3 + :u 4 + • • • = j2 °nt n = n ■ 



1-t-t 2 ^ n A 1 (l-p)^' 

n=0 i=l v ' 

T/ie numbers k n satisfy the properties k n+ \ > k n ^ 7V„ — 2, w/iere iV„ is the number of decompositions 
of n into the sum of odd summands. 



oo 

Proof. Let |t| < Then the series ^ c n t n converges absolutely to l _l_ t -i ■ Then 

n=0 

oo 

Rn = V c|t n | > 0. 

z — ' /V — ^no 



Af->oo 



But we have: 

71-1 



S n = jr c fc t* - [] _ 1 t = a„i" + a n+1 t n+1 + a„ +2 f l + 2 + . . . . 

fc=0 i=l ^ ' 



where < < Ci. Then |5 n | ^ Rn, therefore «!?„ > 0, and the formula is valid. 

n— >oo 

n oo 

The infinite product lim F| , converges absolutely if and only if the series V | — fc„ln(l — t n )\ 

converges. For ^ t < v ^~ 1 this is true. In this case ^ k n t n ^ — fc„ln(l — t n ), therefore the power 

oo 

series ^2 ^nt n converges and its radius of convergence it at least 2 ~ 1 ■ Thus for \t\ < ^ we have: 

n=l 

oo 

^2 k n \t n \ < oo, and the equivalence | — fc„ln(l — t n )\ ~ k n \t n \ implies the absolute convergence of the 

n=l 

infinite product. □ 
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Here are the examples in small dimensions: 



n 


generators 




additive basis 




1 

2 
3 
4 


[1] 
[2] 
[1,2] 
[1,1,2] 


1 
1 
1 
1 


[1] 

[2], [1]*[1] 
[1,2], [2]*[1], [1]*[1]*[1] 
[1,1,2], [1,2]*[1], [2]*[2], [2]*[1]*[1], [1]*[1]*[1]*[1] 


1 

2 
3 
5 


5 


[1,2,2], [1,1,1,2] 


2 


[1,2,2], [1,1,1,2], [1,1,2]*[1], [1,2]*[2], [1,2]*[1]*[1] 
[2]*[2]*[1], [2]*[1]*[1]*[1], [1]*[1]*[1]*[1]*[1] 


8 


6 
7 


[1,1,2,2], [1,1,1,1,2] 
[1,2,2,2], [1,1,2,1,2], [1,1,1,2,2], [1,1,1,1,1,2] 


2 

4 




13 
21 



The corresponding products are: 

(l-t)(l-i 2 ) = l-t-t 2 + t 3 ; 
(1 - i)(l - t 2 )(l - t 3 ) = 1 - t - t 2 + t 4 + t 5 - t 6 ; 
(1 - i)(l - t 2 )(l - t 3 )(l - t 4 ) = 1 - t - t 2 + 2i 5 -t 8 -t 9 + t w ; 
(1 - t)(l - i 2 )(l - f 3 )(l - t 4 )(l - t 5 ) 2 = 1 - i - t 2 + 2t 6 + 2i 7 - t 8 - t 9 - 2t 10 - 
-t 11 - t 12 + 2t 13 + 2t 14 - t 18 - t 19 + t 20 . 

The numbers h can be found in the following way: 

oo 

-log(l-*-i 2 ) = -^Mog(l-f); 



oo ^ n 

1 x-^ / n 



CO oo 



n=l j=0 VJ/ i=l r=l 



Thus for any TV 



( • ) 1 

E]v37 = TvE ifc - 



According to the Mobius inversion formula we obtain 

/ [#] f<i-^ 



A 



where fi(n) is the Mobius function, that is 
H{n) = < 

For example, if A is a prime number p, then 



1, n = l; 

(— l) r , n = pi . . .p r , {pi} - distinct prime numbers; 
0, n is not square- free. 



[f] If] ^-j) 

pk p = -i+^Er^-; fc p = E' 



J=0 



p-J 



i=i 



p-J 



Each summand is an integer, since ( P J"') = J-1 j is an integer, and (p — j) and j are relatively 

prime numbers. 

Thus k 5 = 2, k-; = 4, fcu = 18, and so on. 
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9 Bayer-Billera Ring 



Let us consider the free graded abelian group BB C V, generated by 1 and all the polytopes Q £ fi™, n ^ 1. 
Rank of the (2n)-th graded component of this group is equal to c„. 

Since the determinant of the matrix K n is equal to 1, the generalized /-polynomials {/(Q), Q £ fi™} 
form a basis of the (2n)-th graded component of the ring f(V). 

So the composition of the inclusion i : BB C V and the mapping / : V — > Qsym[ti,<2, •••][«] is an 
isomorphism of the abelian groups BB and /('P). This gives a projection 7r : V — > 

ir(p)=x£BB: f(p) = f(x). 

It follows from the definition, that 7r o i = 1 on the space BB. 

Theorem 9.1. The projection tt: V —> BB defined by the relation f{np) = f{p) gives the graded group 
BB the structure of a graded commutative associative ring with the multiplication x Xbb V — k(x x y) 
such that f(xXBBV) = f( x )f{y), and BB&Q is a free polynomial algebra in a countable set of variables. 

Question 9.2. To describe the projection -k:V^> BB in an efficient way. 

Question 9.3. To find the multiplicative generators of BB ® Q in an efficient way. 

Question 9.4. To describe the multiplication in BB in an efficient way. 



10 Hopf comodule structures 

Let R be a field or the ring Z. 

Definition 10.1. By a (left) Hopf comodule (or Milnor comodule) over a Hopf algebra X we mean an 
i?-algebra M with a unit provided M is a comodule over X with a coaction b: M -> X ® M such that 
b(uv) = b(u)b(v), i.e. such that b is a homomorphism of rings. 



10.1 Hopf comodule structure arising from the Hopf module structure 

Lemma 10.2. Let H be a graded connected torsionfree Hopf algebra over 1 with finite rank of each 
graded component. If a ring A has the right graded Milnor module structure over H, then A has a left 
graded Hopf comodule structure over the graded dual Hopf algebra H* defined by the formula 

A n ,(A)= K®AH U 

where {H u } is some basis in the graded group H, and {-ff*} is the graded dual basis: {H*,H a ) — 6^^. 
Proof. 



(i®A n *)oA n ,A = j2K®[J2 H °®( AH ^ H °) =J2 h »® h °® a [12( h *> h « h ^ h t) -- 

uj \ a / w, a \ t / 

= Y J \Y J ll l®K kK^HM ®AH T = J2[J2 H "® H ° (*H;,H u ®H a )) ®AH T = 

= AH r ® AH T = (A ® 1) o A n *A 

T 

Since the augmentation in the ring %* has the form e{£) — £(1), we see that 



(e (8 l)A n ,A = (e®l)Y,K® AH U = ^^(1) ® AH U - iC (l) ® AH UQ = 1 ® A, 

U) UJ 

where H Un is a basis in H°. 
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Therefore A-h* is a comodule structure. 
Now 

A n .(AB) = E*C ® (AB)H U = ® (^(AH'^iBH^)) = 

uj uj \ i / 

= E (E (E^.tfU^^}) ® (AH a )(BH T ) = 
E ( E^ ■ *U Hi ) ® [AH„)(BH T ) = Y J K-K® {AH a ){BH T ) = (A n *A) ■ (A n ,B) , 

a, r \ cj / a, r 

where AH U = HL i ® -ff" i- This equality finishes the proof. □ 

i 

Remark 10.3. This Hopf comodule structure does not depend on the choice of a graded basis in the 
graded group H, since we can write it as 

A«.A = (1®A) ^8ff u j , 

and X] H^QHu defines in each graded component the identity operator in (H™ )*<£)%" ~ Homz("H n , W n ). 

Remark 10.4. The similar argument proves that if a ring A has the left graded Milnor module structure 
over H, then A has a right graded Hopf comodule structure over the graded dual Hopf algebra H* defined 
by the formula 

A n .(A) = £ H U A ® H*. 

ff„6H 

Corollary 10.5. There ia a natural left Hopf comodule structure on the ring R over the Hopf algebra 
Qsym induced by the right Hopf module structure over the Hopf algebra Z: 

A*(P) = X M U ®PZ U X E M Uu-,M®( PZ h ■ ■ ■ Z jk ) = E E M W*,...,iO®( d A • • • 
w k>0(ji, ...,j h ) k^0(ju-,jk) 

There are natural right Hopf comodule structures A& and Ap» on the ring R over the Hopf algebras 
Qsym and T>* induced by the left Hopf module structures over the Hopf algebras Z and T>. 
These structures are compatible in the following sense: 

A L = to(*®1)oA x (20) 
(l®r)oA B .=A £ (21) 

where r: Qsym ® R — > R(E>Qsym is a homomorphism that interchanges the tensor factors 

t(M u <g) P) = P <g> M u . 

We have 

±d> E E ( d h~- d i> p )® M &,..,n) 

Proof. The existence of these structures and the explicit formulas follow immediately from Lemma 110.21 
and Corollary 110.51 The first relation follows easily from the formulas for Ac and Ajj. 

Since V ~ Z/ Ju is a free abelian group, we have Z = Z' ® J U - Let us choose graded bases in both 
subgroups: {Hp} in Z' , and {i? 7 } in Ju- Then {Hp.H^} form a graded basis in Z. 

Let us note that £*(£>*) = {ip G Qsym : = 0}. 
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Then the elements of the dual basis {Hp}, {H*} form a basis in Qsym, while the functions {Hi} 
form a basis in L*(V*). Let £f| = L*Dp. Then the operators {Dp = LHp} form a graded basis in T>, 
dual to the basis {D^}. 

Now for any P S R we have 

a £ p = X] (H P P) ®h; + Y, (h^p) ® #* 

/3 7 

But £f 7 P = for all 7, therefore, 

13 



We have the series of mappings 

R->R[ti],$ 2 (ti,t 2 ) = $(i 2 )$(ti): R->- Qsym[ti,t 2 ] ®R, 

$„(*!,..., t n ) = $(t„)$(t n _i) . . . : R -> Qsym[fi, ...,*„] ® R 
Taking the inverse limit we obtain the mapping 

(f>oo : R Qsym <g> R, 
such that for any element PeRof graduation 2n 

n 

•fx/' X E % i^K-^^) 

Thus we have proved the following fact. 
Proposition 10.6. 



4k 



□ 



10.2 Ring homomorphisms 

Definition 10.7. Any ring homomorphism h: R — > A induces the ring homomorphism 

$h ■ R -> Qsym ® .4, = (l«/i)oA)i 
Let us denote by (&h, r the homomorphism R — > Qsym[ii , . . . ,t r ] <S> A. 

<S>h,r{P) = *fc(P)(tl,...,*r»0,0,...) 

Example 10.8. Let us consider several examples. 

1. £ Q : P — >• Z[a] induces the homomorphism <5>£ a : V — > Qsym[a\. This homomorphism coincides 
with the generalized /-polynomial. 

2. e a : VSP — > Z[a] induces the ring homomorphism : VP — > Qsym[a\. Let us denote this ring 
homomorphism by fnv- 

3. £0 : VSP — >• Z induces the homomorphism <J> £0 : 7\LP — > Qsym. Then <f> eo = F*, where F is the 
Ehrenborg F-quasi-symmetric function introduced in |Ehr j : 

F(-P) — y t ^(p(x , £Ci), p(xi, X 2 ), .... p(x k , Xk+l)) = ^ ' /oi, Ofe (^-^(Ol+l, 02 — Ol, ... , n— Ofe) 

6=x <x 1 <---<x k + 1 = i 0^ai<---<a fc ^n-l 

where P is an n-dimensional polytope, the sum ranges over all chains from = to 1 = P in the 
face lattice L(P), and f ai ,...,a k are flag numbers. 

In fact, F is defined on the Rota-Hopf algebra V of graded posets, and it was proved in |Ehrj that 
it is a Hopf algebra homomorphism V —> Qsym such that F(P*) = F(P)*. 
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□ 



Proposition 10.9. For any polytope P <E V we have 

jW(P)=F*(P)+a/(P) 
Proof. Indeed, let P be an n-dimensional polytope. Then 

n 

fnv(P) = 2J fai,...,a k (M( n _ 0fc) ... i01+1 ) + a ai+1 M (n _ ak ^^ a2 _ ai) ) 

k=0 0^a 1 <-<a k ^n-l 

Corollary 10.10. For any two polytopes P,Q £? we have 

f(P * Q) = f(P) ■ F*(Q) + F*(P) • /(Q) + a/(P) • /(Q) 

Proof. Since 

fnv(P*Q) = fnv(P)-fnAQ), and F*(P * Q) = F*(P) • F*(Q), 

we obtain 

P*(P) • F*(Q) + a/(P * Q) = (F*(P) + a/(P)) • (F*(Q) + a/(Q)) 

Removing the brackets, canceling the equal summands, and dividing by a, we obtain the required 
formula. □ 

Corollary 10.11. 

/(CP) = F*(P) + (a + <rO/(P) 

Theorem 10.12. • For r n i/ie image f r (P 2n ) C Qsym[ii, . . . , t r ] [a] consists of homogeneous 
polynomials g of degree 2n satisfying the equations 

1. 

g(a, h,-ti,t 3 , ...,t r )= g(a, 0, 0, t 3 , . . . , t r ) 
g{a,t x ,t 2 ,-t 2 ,...,t r ) = g(a,h, 0,0, ...,t r ) 

(ZZ) 

g(a, t\,..., tr-i, -tr-i) = g(a, t%,...,0,0) 

2. 

g(—a,h,t 2 , . . . ,i r _i,a) = g{a,t\,t 2 , ■ ■ .,t r _i,0) (23) 

• For r ^ n the image f-R-p tr (TZV 2n ) C Qsym[£i, . . . , t r ][a] consists of homogeneous polynomials g 
of degree 2n satisfying the following conditions: 

1. The equations of type \22)) 

2. The equation 

g(-a, t\,t 2 ,..., t r ~i,a) = g(0, ti,t 2 ,..., t r -i, 0) 

• For r ^ n the image F r (7ZV 2n ) C Qsym[ii, . . . ,t r ] consists of homogeneous polynomials g of degree 
2n satisfying the equations of type t fHj) . 

In all the cases the equations are equivalent to the Bayer-Billera (generalized Dehn-Sommerville) 
relations IBB] 



Proof. The hrst statement of the theorem is exactly Theorem [ 

For the second and the third statements we need a lemma corresponding to Lemma 16.41 

Lemma 10.13. Let P be an n-dimensional polytope. Then 
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1. The equation 

fnV,r{ot,ti, . . . , t q , —t q , . . . ,t r ) = fnV,r( a i *1 1 • ■ • 7 0, 0, . . . , t r ) 



is equivalent to the generalized Dehn-Sommerville relations 

at+x — 1 

_1 V/-at-l f . — /l _i_ C_1 ^a t+ i-a t \ f 



^ , ( 1) J * /oi, a t , j, a t +x, at, — (l + ( 1) * +1 ') fax, 
j=a t + l 



for — 1 ^ ai < aa < • • • < dk < n>> & n d 1 ^ k S% min{r — 1, n}, k + l— q^t^r — q. 
2. The equation 

fnv,r(—ot, h, . . . , t r -i, a) = fnv,r(0, h, ■ ■ ■ > *r-l> 0) 
is equivalent to the generalized Dehn-Sommerville relations 

ax— 1 

E (- 1 )V J ,a 1 ,..., Qfc = (1 + (-l)" 1 - 1 )^, ...,«* 

/or ^ /c ^ min{r — l,n — 1}. 
5. TTie equation 

F r (tl, . . . ,tq, —tq, . . . ,t r ) — F r (tl, . . . , 0, 0, . . . , t r ) 

is equivalent to the generalized Dehn-Sommerville relations 

at+i— 1 

V ^ J ax, •••) at, J, ot+ij a*. V V / ^ ^ai, .... a t , a f+ i, .... a fc 

j=a t + l 

/or ^ ai < • • • < afc, ant! $J fc $5 min{r — 2,n — 1}, fc + 2 — q ^ t ^ r — q. 

Proof. Items 1. and 3. are proved in the same manner as Lemma 16.41 Let us consider the relation of 
item 2.: fnv,r(-a,ti, . . . ,t r -i,a) = fnr,r(0,h, ■ ■ ■ ,U-i,0)- 



k J.02— ax 



min{r— l,n+l} / 

= (-«r +1 + E E fax,..., ak (-ar +i i e c Qfc ---* 

k=l — l<ai<--<afe<n-l V l<ii<--<ifc<r— 1 

min{r, n+1} / 

+ E E /-i....,-*(-«) ai+1 E c afc ---CT« a2_a 

fe=l — l<ai<--<afe^n-l \l<ii<-"<ifc=r 
min{r— 1, n+1} / 

E E E c B *-C~ ai 

fe=l — l=oi<---<ai i <n— 1 \l<Ii<—<Jfc<r— 1 

This is equivalent to the relations 

ax— 1 

fax,—,a k + y t ( — fj, ax, — , a k + ( — 1) 1+ /ai, .... a fc = 

for ^ ai < • • • < afc, and ^ k ^ min{r — 1, n — 1}. The case k = again corresponds to the Euler 
formula 

1 - fo + fl + ■ ■ ■ + (-l)"/n-l + + 1 = 0. 

□ 

Remark 10.14. Let us mention that in the case of fnv,r and F* the equations of type (|22|) contain 
all the generalized Dehn-Sommerville relations, and these equations for fizv,r imply the equation (|23|). 
This follows from the fact that a\ can be equal to —1, which is not possible in the case of the generalized 
/-polynomial. 
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Now the end of the proof of the theorem is the same as for Theorem 16.31 □ 

Proposition 10.15. The correspondence fnv — > f r R.v\ a —n = F* is an isomorphism of the images 
fnvCRT) and F*(TZV). 

Proof. Indeed, it is clear that this mapping is an epimorphism. On the other hand, let F* (P) = 0. Then 
all the flag numbers of the element P G 1ZV are equal to 0. Therefore, fnv(P) = 0, so the mapping is 
a monomorphism. □ 

Corollary 10.16. 1. The ring homomorphism F* : 1ZP — > 31* (V*) C Qsym is an epimorphism, 

2. F* (1ZV) ® Q is a free polynomial algebra with dimension of the (2n)-th graded component equal to 
the (n — l)-th Fibonacci number c n -i (cq — c± — 1, c n+ i = c n + c n —±, n 1). 

Proof. 1. Let g G 31* (V*) be a quasi-symmetric function of degree 2n. Then according to The- 

orem 1731 a„(U t n ) = g{t\, . . . , t n , 0, 0, . . . ) satisfies the relations of type (f2"2"1) . Therefore 

g n (ti, . . . ,t n ) = F* (P) for some P G lZV 2n . Since the mapping Qsym — > Qsym[ti, . . . , t n ], tj — > 0, j > n 
is injective on the graduation (2n), we see that g — F*(P). 

2. We see that ¥* {KT) = 31* (V*). Therefore, 

F*(KV) ®Q-I>*«Q - Q[LYN dd], 
and dimF*(7?.P 2 ™) ® Q — c n _i according to Proposition 17.71 



□ 

Remark 10.17. Let us mention that degi(P") = 2{n+l), therefore, rankF*(7eP 2(n+1) ) = c„ = rank/(P 2 ™) 
10.3 Natural Hopf comodule structure 

V is not a Hopf algebra, but it turns out that there is a natural Hopf comodule structure on the ring V 
over the Hopf algebra 1ZV. 

Proposition 10.18. Formula 

&KVP= E F ®( P / F ) 
FCP 

defines a natural graded right Hopf comodule structure Arp : V — > V ® 1ZV on the ring V over the Hopf 
algebra 1ZV . 

Proof. We should proof that the following two diagrams commute 



v®nv 



id® A 




id®£ 



v®nv : — v®nv®nv v®nv — ^ v ® z 

and that Arp is a ring homomorphism. Indeed, we have 



(A nv ® id) o A KV P = (Arp ® id) F ® p l F ) = J2 \J2 G ® F I G ® P I F = 

\FCP I FCP \GCF J 

= E G ® E F /G®P/F = Yj G ® a (P/G) = (id®A)o A nv P, 

;cp \GCFCP J GCP 

(id«e)o A KV (P) = F <g> e{P/F) = P ® 1, 



GCP \GCFCP / GCP 

and 



FCP 



48 



Let us check that A-rv is a homomorphism of rings V — > V ® 1ZV: 
A RP (PxQ)= J2 {FxG)®{PxQ/FxG) = {F x G) ® {P/ F * Q/G) = 

FxGCPxQ FCP, GCQ 

= I J2 F ®P/ F ) ■ \ G®Q/g\ = A nv (P) ■ A nv (Q) 

\FCP J \GCQ J 

A K -p(pt) = pt ®(pt /pt) = pt <g>0 = 1 <gi 1. 

□ 

Corollary 10.19. • Any ring homomorphism V — > A, where A is a ring, induces the ring homo- 
morphism V — > A ® 1ZV 

• Any linear homomorphism ip: 1ZV — > Z induces the linear operator V — > V, which is a ring 
homomorphism, if ip is a ring homomorphism. 

Example 10.20. The homomorphism £ Q : V — >• Z[a] defines the ring homomorphism l a :V^r lZV[a): 

l a (P n ) = a dimF P/F. 

FCP 

Let us recall that in the case of a simple n-polytope a face polytope of an i-dimensional face is a simplex 
A n-i-i = x n~i_ Therefore, 

n 

L(P n ) = Y,^ xn ~ t ' = h( a ' x )- 

i=0 

This is a homogeneous /-polynomial in two variables defined in |Buchj . 
Proposition 10.21. 

A nv {P * Q) = (1 ® P) ■ A nv {Q) + A nv {P) ■ (1 ® Q) + A nv {P){* ® *)A nv {Q) (24) 

Proof. 

Anv{P * Q) = ^ (0 x G) ® (P x Q/0 xG)+^(Ff0)®(Px Q/P * 0) + 

GCQ FCP 

+ J2 ( F *G)® (P*Q/F*G) = J2 G ® (P*(Q/G))+ J2 F ® (( p /F)*Q) + 

FCP, GCQ GCQ FCP 

+ J2 (F*G)®(P/F*Q/G) = (l®P)A K p(Q) + A K p(P)(l®Q) + A KP (P)(x®x)A KP (Q) 

FCP, GCQ 

□ 

Now if we apply t; a ® 1 to the formula (|2"4")l . then we obtain the corollary: 
Corollary 10.22. 

l a (P *Q) = P*l a {Q) + l a {P)*Q + a l a (P) ■ l a {Q) 
10.4 Interrelation 

Let us remind that the left action of the Leibnitz-Hopf algebra Z in the ring R induces the right Hopf 
comodule structure 

n 

X E ( d n---d 3k P)®M (n ,_ Jk) , 

^=0 Uu-,3k) 
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Proposition 10.23. The following diagram commutes: 



v — ^ v®nv 



P 8> Qsym 



Proof. Let P be an n-dimensional polytope. Then 

n 

k=0 (ji,...,j k ) 



EE E 

fe=0 (ji, J*) F"-< J i+ - + J fc) 



^n-(ji+-+j*) 

f n-OiH hjfc)^^n-(j'2H hifc>C---C F" _J tCP 

n— r 

= EE^IE E E 



1 



r=0 F r CP 



^ k =0 jfc):jiH h7k=n-r PCf+'i C-Cf° _j * CP 

= ^ F ® F(P/F) = (1 ® F) o A RP {P) 



FCP 

□ 

Corollary 10.24. For any polytope P G P we have 

F*(l a P) = f(P) 

Proof. We have (£ Q (8 1) o A^P = /(P)*. So if we apply the homomorphism £ a <8 1 to the diagram 
above, we obtain Foi o = (^0l)o A £ = /*. Therefore, F* ol a = f. □ 

Corollary 10.25. The following diagram commutes: 

^ /* 



-> Qsym[a] 



P 8> 1ZV - * g>F > Qsym[a] ® Qsym 



Proof. 1. Consider the commutative diagram 



P , Arf - V®KV * P <8 Qsym <8 PP 



1®F 



l®l<g>F 



P <8 Qsym p (g| Qsym ® Qsym 



Then 
while 



Z[a] (8) Qsym 8> Qsym 
(^®l®l)o(A £ ®l)oA £ = g a ®l®l)o(l®A)oA £ =Ao /* 



(£ a <8 1 <8) 1) o (1 (8> 1 O F) o (A £ <g> 1) o A KP = (/* 8 F) o A KP 
Since these two compositions correspond to two pathes in the diagram, they are equal. 
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2. Let us consider also a direct proof. We know that 

A(M (bl _ bk) ) = 1 ® M (6li ..., M + M (bl) M (b2i ... i6fe) + ■ • ■ + M (6li ..., 6fc _ ® M (6fc) +M (6l; ... ;6fc) ®l 
and 

/(a,t 1 ,t 2 ,...)(i ,n r=« n + E « ai %-a 1 ,..,n-a,)= £ ^ M( 02 _ 0l ; „_ 0fc) 

Then 

A(/(P")*)= E a ai M (a2 _ ai ,..., Qs _ as _ l) ®M (Qs+1 _ a ^...,„_ afc) = 



-^(o s+ i-a s , n-a fc ) 



= E f E a ai M (a2 _ 01 ,..., as _ as _ l) W e 

= E f(G)®F(r/G) = (f ®F)oA CT (r). 



•CftCP" 



GCP" 

□ 

11 Operators 5 and C 

We know that the cone and the bipyramid operations can be considered as linear operators on the rings 
V and 1ZV. It turns out that there are corresponding operations on the rings Qsym[a] and Qsym, 
which commute with the homomorphisms /, fnv , and F* . 

11.1 The case of V 

At first let us consider the ring V . We have 

[C,d] = l + £ 

For k > 2 we have the similar situation. 



d k CP n = 



Cd k P n + d k ^P n , k<n+l, 
l + dk-iP" = C0 + d k -iP n , k = n+l 



So we have [dfe+i, C] = d k + -A; k ^ 0. This can be reformulated in terms of $(t). 

Proposition 11.1. We have 



Proof. Let P be an n-polytope. Then 

Mt)CP = CP+ (CdP + p)t + ... + (Cd n P + d n - X P)t n + (1 + d n P)t n+1 = C*(t)P + t$(t)P + t&P 

□ 

Now let us consider the bipyramid. dBP = 2CdP for any polytope of positive dimension, while 
dBpt = dl = 2pt, and 2Cdpt = 0. So dBP = 2CdP + 2£ - For k > 2 we have 

d Bpn = hcd k P n + d k ^P n , k<n+l; 
fc |2 + rf fe -iP n = 2C0 + 4-i-P", fc = n+l; 



So d k+ iB — 2Cd k+1 + d k + 



£ a , k~^ 1. 

Q = 
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Proposition 11.2. 

$(i)P = (P-2C-i) + (2C + t)$(i)+2f£ t 
Proof. For a point we have: $(i)Ppt = = / + (2pt)t, and 

((B -2C-t) + (2C + t)<P(t) + 2t&) pt = J - 21 - (pt)i + 2/ + (pt)f + 2(pt)f = I + (2 pt)t 
Let P be an n-polytope, n > 0. Then 

$(i)PP = BP+ {2CdP)t + (2Cd 2 P + dP)i 2 + ■■■ + {2Cd n P + d n ^P)t n + (2 + d n P)t n+1 = 

= (B - 2C - t)P + 2C<P(t)P + t$(t)P + 2t&P 

□ 

Let us denote .A = 2C — P. Then from Propositions II 1 . ll and [TTT21 we have 

®{t)A = A + t + t$(t) 
At last, Propositions 1 1 1 . il and ITTT21 imply the following formula. 
Proposition 11.3. 

$(t)[P,C] = [B,C] + At + t 2 

Proof. 

&{t)[B, C] = $(t)(BC - CB) = (B-2C-t + {2C + i)*(t) + 2i&) C - ((C + t)*(i) + *6) £ = 
= (P-2C-t)C+(2C+i) ((C + i)$(t) + i^)+2i 2 ^-(C+*) (P - 2C - t + (2C + t)$(t) + 2t&)-t 2 & = 
= (PC - CP) - t(P - 2C - t) + 2Ct£ t + t 2 & + 2t 2 & - 2Ct£ t - 2t 2 £ t - t 2 £ t = [P, C] + At + i 2 

□ 

Now let us apply this formulas to the generalized /-polynomial. 
Proposition 11.4. Mappings C,A: Qsym[a] —> Qsym[a] defined by the formulas 

oo 

Cg = (a + ai)g + t n g(t n , ti, . . . ,i n _i,0,0, . . .) 

oo 

Ag = ag(a, 0,0, . . . ) + tig(a,ti,t 2 , ...) + ^(*n + *n-i)ff(a, i„, *n+i> • ■ • ) 
satisfy the relations 

/(CP) = C/(P), /(AP)=A/(P) 

/or aZI P eV. 

Proof. At first let us prove that this mappings are correctly defined, that is for any g 6 Qsym[a] its 
images Cg, and belong to Qsym[a\. We will use the criterion obtained in Proposition 13.31 and 
Remark 13.41 It is easy to see that if g has bounded degree, then Cg and Ag have bounded degree. 
Let i > 1. Then 

i-l 

(Cg)(a, h,..., 0, . . . ) = (a+J^ *i, • • • , 0, ij+i, . . . )+^ t n 9^n,h, t n -i, Q 5 0, • • • 

n=l 

oo 

+ /J t n g(t n , t\, . . . , ti—i, 0, tj+i, . . . , tn-i, 0, 0, . . . ) = 

n— z+1 

i-l 

= (a + <7i(ti, . . . ,tj_i,ij + i, . . . ))</(a,ti, . . . t i+ i, . ■ • ) + X! *nff(*n>*i> ■ • • >*n-i,0, 0, . . . ) + 

n=l 

oo 

• • • ) U-i) 0, 0, . . . )+ t n g(t n , t%, . . . , . . . , t n _i, 0, 0, ... ) = (Cg)(a, t%, . . . , U-i^U 

n=i+2 
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Now consider A. For i = 1 the relation is clear. Let i > 1. Then 

i-l 

(Ag)(a,ti, . . .,ti-i,0,U+i, . . . ) = ag(a, 0,0, . . . ) + + t„-i)g(a, t n , . . . , U-i, 0, t i+ i, ...) + 

71=1 

OO 

+ (0 + ti_i)ff(a, 0,t i+1 , . ..) + (t i+ i + 0)g(a,t i+1 ,t i+ 2, ...)+ ^ (t n + t n -i)g(a,t n ,t n+ i, ...) = 

n=i+2 

i-l 

= ag(a, 0,0, . . . ) + >^ftn + *n-i)s(a,*n, . . .,ti-i,t i+1 , ...) + (t l+1 + ti-i)g(a,t i+ i,t i+ 2, ■■■)+ 

71=1 

OO 

+ (t„ + i„_i)5-(a,t„,i„ + i,...) = ( J 45)(a,ti,...,i i _i,t i+ i,...) 

n=i+2 

On the other hand, we have 

*(ti)C=(C + ti)*(ti)+ti& 1 
$(t 2 )*(ti)C - (C + t 2 + ti)$(t 2 )$(ti) + t 2 & 2 *(*i) + 

$(t„)*(t„_i) . . . $(ti)C = (C + t„ + • • • + ii)$(t„)$(i„_i) . . . *(ti) + i„& n $(i„_i) . . . $(ti) + • • • + ti^ tl 

OO 

h, ■ ■ ■ , <n-l) 0, • • • ) 

n=l 

oo 

f{CP) = ^ooCP =(a + a^QooP + t n f(t n , h, . . . , *„_!, 0, . . . ) = Cf(P) 



71=1 



*(ti)i4 = A + ii +ti$(ti) 
$(t 2 )*(ti)A = 4 + t 2 + (t 2 + ti)$(t 2 ) + ti*(*2)$(*i) 

$(t n )*(t„_l) . . . $(tl)A = ^ + t n + (t n + t„_i)*(t„) + (t„_i + t„-2)*(tn)*(tn-l) + ' ' ' + tl*(*n) • • • 

OO 

$00^1 = A + ti$ 0o (ti,t 2 , • • • ) + 51 (*" + *n-l)$oo(*n,*n+l, • • • ) 

71=2 

OO 

/(AP) = £ Q *«,AP = af{a, 0, 0, . . . ) + hf{a, h,t 2 , . . . ) + ^(t„ + t„-i)/(a, t n , t»+i, . . . ) = 4f(P) 

71 = 2 

□ 

Now the mapping _B : Qsyrnfa] — > Qsym[a] can be defined as B = 2C — A. Then f(BP) = Bf(P). 
11.2 The case of TZV 

Now let us consider the ring 1ZV. In this ring CP is just the multiplication by the element x = pt. So 

$(i)OP = = ($(i)x) X = (x + t)<f>(t)P = (C + t)$(t)P 

$oo(CP) = $oo(.?P) = $oo(x) * $oo(P) = (a: + t7i)*oo(P) = (C + aJ&ooiP) 
fnv(CP) = fnv(xP) = fnv(x)fnv(P) = {a + <n)fnv{P) 
F* (CP) = F* (xP) = F* (a;) F* (P) = o x F* (P) 
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In fact, the existence of the empty polytope such that d n +\P n = for any n-polytope P n makes the 
formulas connecting C, B, and d k simpler. We have: 

[C,d] = l, [C,d k+1 ] = d k ,k>l 
dB = 2Cd + e , d k+1 B = 2Cd k+1 +d k: k > 1 

Proposition 11.5. 

§{t)B = (B — 2C — t) + (2C + t)<f>(t) + s t 

Proof. Indeed, 

<5>{t)BP = BP+ {2CdP + s (P))t + {2Cd 2 P + dP)t 2 + ^{2Cd k P + (4_iP)i fe = 

= (B — 2C — t)P + 2C>S>{t)P + t$(t)P + e {P)t 

□ 

Then 

${t)A = A + t + t<S>(t) - e t 

Proposition 11.6. The mappings A-R-p: Qsym[a] —> Qsym[a], Aq: Qsym —> Qsym defined by the 
formulas 

oo 

A nv g = ag(a, 0,0, . . . ) + tig(a,ti,t 2 , ■■■)+ J^tn + t„-i)g(a,t n ,t n+ i, . . .) - f7ig(0,0, . . .) 

71=2 

oo 

Aag = t 1 g(t 1 ,t 2 , ■■■) + y^ftn + t n -i)g(t n , t n+ i, ...)- cti5(0,0, . . . ) 

n=2 

satisfy the relations 

fnv(AP) = A KV f nv (P), F*(AP) = A Q F*(P) 

for all P e TIP. 

Proof. From the proof of Proposition ll 1 .41 we see that both mappings A-R-p and Aq are correctly defined. 
Then 

$(h)A = A + h + - e ti 

$(t 2 )$(ti)A = A + t 2 + (t 2 + h)<P(t 2 ) + t!$(t 2 )$(ti) - e (t 2 + h) 

$(t n )$(i„_i) . . . $(h)A = A + t n + (t n + t n -i)m n ) + (i„_i + £ n _ 2 )$(t n )$(t n _i) + . . . 

+*i$(t„) . . . - e (t n + + 



QooA = A + tl$oo(tl,t2, ■ • ■ ) + 5Z^ n + *n-l) $ oo(in, *n+l> • • • ) ~ ^0^1 

n=2 

oo 

fnv(AP) = e^ooA = e a (AP) + ti£ a $oo(*i,*2, . . . ) 4- ^(t„ + ^-1)^*00(^,^+1, • • • ) - £o{P)pi = 

n=2 

00 

= afnv(a, 0,0, . . .) + tif nv {a,t u t 2 , ...) + ^(* n + t n ^i)f nv (a,t n ,t n+ i, . . . ) - oif nv {0, 0, . ..) = A nv f nv {P) 

71=2 

00 

F*(AP) = £ $ooA = e (AP) + *ieo4oo(ti,«a, ■ • • ) 4- ^(i„ 4- tn-i)eo*oo(*n.*T.+ii • ■ • ) - £o(Pki = 

71=2 

00 

= t! F* (tx, t 2> . . . ) + ^(t n + t n _!) F* (t n> t„ +1 ,...)— (Ti F*(0, 0, ...)= A F*(P) 



n=2 

□ 
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As before B-rv and Bo are denned as B-rv — 2Cnv — Arp, Bo = 2Cq — Aq, where Cuvg = (a + ai)g, 
C g = (Tig, and 

fnv(BP) = Bnvfnv{P), F*(BP) = B F*(B) 

At last 

${t)(BC - CB) = (B - 2C - t + (2C + *)*(*) + e t) C - (C + t)$(t)B = 

= BC- (2C + t)C + (2C + t)(C + *)$(*) - (C + 1) (5 - 2C - 1 + (2C + t)*(t) + e Q t) = 

= BC -CB + (2C - B)t + t 2 - (C + t)e i = PC* - CP + At + i 2 - (a; + i)fe 

So we obtain the following proposition. 

Proposition 11.7. In the ring TZV 

$(t)[B, C] = [B, C]+At + t 2 -(x + t)te 



12 Problem of the Description of Flag Vectors of Polytopes 

We have mentioned that on the space of simple polytopes 

f(a,h,t 2 ,... )(P") =fi(a,h+t2 + ... )(P n ) = fi(a, ^(P"). 

The only linear relation on the polynomial f\ is fi(—a,a + t) = f\(a,t), and it is equivalent to the 
Dehn-Sommerville relations. In fact, for the polynomial g = g (a, a±) G Qsym[ti,t2, • • •][&] this condition 
is necessary and sufficient to be an image of an integer combination of simple polytopes. 

One of the outstanding results in the polytope theory is the so-called g-theorem, which was formulated 
as a conjecture by P. McMullen IMclj in 1970 and proved by R. Stanley (St 1J (the necessity) and L. Billera 
and C. Lee |BL] (the sufficiency) in 1980. 

For an n-dimensional simple polytope P" let us define an h-polynomial: 

h(a, t){P n ) = h a n + h ia n -H + ■■■ + fin-iot 71 ' 1 + h n t n = fi(a- t, t){P n ) 
Since a, a + t) = f\(a,t), the /i-polynomial is symmetric: h{a,t) = h(t,a). So hi = h n —i. 
Definition 12.1. A g-vectoroi a simple polytope P n is the set of numbers go = 1, gi — hi—hi-i, 1 ^ i ^ [ £]. 
For any positive integers a and i there exists a unique "binomial i-decomposition" of a: 



a 'i\ , I a i-l 



V V _ V V 3 



where dj > > • • • > dj ^ j ^ 1. 
Let us define 



a<« = r + r- 1 + 1 )+ ■ ■ ■ + h +1 ) , o« = o. 



i + 1 ) \ i ) \ j + 1 

For example, a = (J), so = = for i > a we have: «=(*) + (j^J) + ■ • • + 

a< l > = a. 



so 



Theorem (g-theorem, |Stl) . |BLj ). Integer numbers (go,gi, ■ ■ ■ ? <7[§]) form the g-vector of some simple 
n-dimensional polytope if and only if they satisfy the following conditions: 



30 = 1, 0< 5l , 0< ffi+1 < 9 f , i = 1,2, 



As it is mentioned in |Zlj even for 4-dimensional non-simple polytopes the corresponding problem 
involving flag /-vectors is extremely hard. 

Modern tools used to obtain linear and nonlinear inequalities satisfied by flag /-numbers are based 
on the notion of a cd-index [BK] iBETl lBE2l |EFl IB E ES] , a tori c h-vec tor [BEl iBLl iKl ISt2l fSti] and 
its generalizations |F11 IF21 [L] , a ring of chain operators |BH[ IBLiul IKalai] . 
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In [St 1 j R. Stanley constructed for a simple polytope P a projective toric variety Ip so that {hi} 
are the even Betti numbers of the (singular) cohomology of Xp. Then the Poincare duality and the 
Hard Lefschetz theorem for Xp imply the McMullen conditions for P. 

In |Mc2] P. McMullen gave the purely geometric proof of these conditions using the notion of a 
polytope algebra. 

In |St2| Stanley generalized the definition of an /i-vector to an arbitrary polytope P in such a way 
that if a polytope is rational the generalized hi are the intersection cohomology Betti numbers of the 
associated toric variety (see the validation of the claim in [Fi]). 

The set of numbers (/io, . . . , h n ) is called a toric h- vector. It is nonnegative and symmetric: hi — h n ^i, 
and in the case of rational polytope the Hard Lefschetz theorem in the intersection cohomology of the 
associated toric variety proves the unimodality 

1 = h < hi < • • • < h[%] 

Generalizing the geometric method introduced by P. McMullen |Mc2] Kalle Karu [K] proved the uni- 
modality for an arbitrary polytope. 

The toric /i-vector consists of linear combinations of the flag /-numbers. In general case it does not 
contain the full information about the flag /-vector. In [L] C. Lee introduced an "extended toric" h- 
vector that carries all the information about the flag /-numbers and consists of a collection of nonnegative 
symmetric unimodal vectors. In [Flj and [F2j J. Fine introduced the generalized h- and ^-vectors that 
contain the toric h- and ^-vectors as subsets, but can have negative entries. 

Let us look on the problem of the description of flag /-vectors from the point of view of the ring of 
polytopes. 

^-theorem describes all the polynomials ip(a, ti,fa, . . .) £ Qaym[ti,t2) • • •][&] that are images of 
simple polytopes under the ring homomorphism /: 

ip(a, t 1 ,t 2 , ■ ■ ■ ) = f(a, ti 1 t 2l ■ ■ ■ )(P n ), P n - a simple n-dimensional polytope. 

In the general case we know the criterion when the polynomial tp € Qsym[f i, t 2 , ■ ■ . ] [a] is the image 
of an integer combination of polytopes. 

Question 12.2. Find a criterion when the polynomial ip G Qsym[fi, t 2 , ■ ■ ■ )[ct] is the image of an 
n-dimensional polytope. 

A Join 

Proposition A.l. P ni X Q" 2 is an in\ + n 2 + 1)- dimensional polytope. 

Faces of P ni *Q™ 2 up to an affine equivalence are exactly F^G, where 0CFC P ni , 0CGC Q ri2 
are faces of P ni and Q n2 respectively. 

Proof. The formula for dimension of P" 1 * Q" 2 follows from Remark 12.131 

The nonempty faces of a polytope are exactly the subsets of the polytope that minimize some linear 
function on it. Let c = (ci, c 2 ) be a linear function in (W ll+1 x M™ 2+1 )* = (R" 1+1 )* x (R™ 2+1 )*. Then 
Ci has its minimum c\ on the face F of P ni , and c 2 has its minimum c 2 on the face G of Q ri2 . Since 
any point of P ni * Q n2 has the form tip + t 2 q, where p £ P ni , q G Q n2 , t\,t 2 ^ 0, t\ + 1 2 = 1, we have 

• if c% < C2, then c has its minimum on the face F X of P" 1 * Q™ 2 ; 

• if Ci > c 2 , then c has its minimum on * G; 

• if c\ — c 2 , then c has its minimum on the set 

x = {t lP + t 2 q, P eF, qeG, h,t 2 >§ 1 t 1 + t 2 = i}. 

Let F lie in the fc-simplex conv{p 1; . . . , Pk+i} C &ff(F), and G lie in the Z-simplex 
conv{q 1; . . . , q l+l } C aff(G). Now let {Op t , i = 1, . . . , fc+1} be a basis in IR fc+1 = aff{0, p t , i = 1, . . . , k+1} 
and {Oq^, j = 1, . . . ,1 + 1} be a basis in R l+1 = aff{0, j = 1, ...,/ + !}■ Then X = F * G. 



56 



Note that c\ can have the constant value on P™ 1 , or c 2 can have the constant value on Q™ 2 . In these 
cases F = P™ 1 , orG = Q™ 2 . 

Let Ap be the linear function equal to the sum of all the coordinates in R" 1+1 , and Aq be the linear 
function equal to the sum of all the coordinates in R" 2+1 . Then 

X P (p) = l, \ Q (p) = for any p e P" 1 = P™ 1 * 
\ P (q) = 0, X Q (q) = 1 for any q E Q" 2 = * Q" 2 

Now let F ^ 0, F C P™ 1 be a face of P" 1 , and let ci e be a linear function that has 

its minimum c\ exactly on F. Similarly, let (G, c 2 ,c 2 ) be the corresponding data for Q™ 2 . Then let 
c = (ci, c 2 ) e (W ll+1 x K™ 2+1 )*. By an addition or a subtraction of Ap and Aq with coefficients we 
can obtain any of the cases c\ < c 2 , c\ — c 2 , or c\ > c 2 , so P x 0, P * G, * G are faces of P™ 1 * Q™ 2 . 

Thus faces of the polytope P™ 1 X Q" 2 up to an affine equivalence have the form 

P*G, C P C P ni , C G C Q" 2 . 

□ 



B Structure theorems 

Proposition B.l. V is a polynomial ring generated by indecomposable combinatorial polytopes. 

Proof. We will show that any polytope P™ of positive dimension can be represented in a unique up to the 
order of factors way as a product of indecomposable polytopes of positive dimensions P = Pi x • • • x Pk ■ 
It is clear that such a decomposition exists. Now let 

Pi x • • • x P fe = Qi x • • • x Q s , 

where 

1 ^ dimPi ^ dimP 2 ^ • • ^ dimPfc, and 1 ^ dimQi < dimQ 2 ^ • • • ^ dimQ s . 

Let us consider a face P of the form v\ x • • • x Vk-i x Pfe ~ Pfe, where Vi are vertices. Then we have 
F = G\ x • • • x G s , where d is a face of Qi. Since Pfe is indecomposable, we see that all Gj but one 
are points, and Pfe is combinatorially equivalent to a face of some Q r . Similarly Q r is combinatorially 
equivalent to a face of some P t . Then dim Pfe ^ dimQ r ^ dimP t ^ dimpt, therefore, Pfe = Q r . 
Similarly Q s ~ P; for some I. So dim Pfe = dimQ s and without loss of generality we can set Pfe = Q s . 
If Pk = I then Pi = Qj = I for all so the statement is true. Let Pfe ^ I. We know that 

Vi X • • • X Vfe_i X Pfe = W X X • • • X U> s _i X Pfe 

Let us consider a face G of the form v\ x • • ■ x «j_i x 7 x t^+i x • • • x t»fe_i x Pfe, where 7 is the edge that 
joins the vertices Vi and 01 the polytope Pj. Then G = Wi x • • • x Wj-i x J x Wj + i x ■ ■ ■ x ty s _i x Pfe, 
where J is the edge that joins the vertices Wj and ii/j of some polytope Qj. 

Since v\ x • • • x x • • ■ x Pk C G, Pfe is indecomposable, and Pfe 7^ J, we have 

Vl X • • • X l/i X • • ■ X Pfe = W>i X • • ■ X v/j X • • ■ X Pfe . 

Changing the edges we can achieve any vertex t/ x x • ■ • x v' k l of Pi x • • • x Pfe_i, so for any such a 
vertex we have x • ■ • x ■?/ fe _ 1 x P k = x ■ ■ ■ x w' s _ 1 x P k . Therefore for any face Pi x • • • x Pfe_i x Pfe 

Pi x • • • x P fe _i x Pfe = Gi x • • • x G s _i x Pfe 

Thus for any face P of the polytope Pi x • • • x Pfe-i there is a face G of the polytope Qi x ■ ■ ■ x Q s -i 
such that F x P k = G x P k , and vice versa. Moreover, P C F' if and only if G C G'. Thus 

Pi X • • • X Pfe_i = Qi x ■■■ X Q s -! 

Iterating this step in the end we obtain that k — s, and up to the order of the polytopes Pi = Qi, 
i = l,...,k. □ 
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Proposition B.2. TZV is a ring of polynomials generated by all join-indecomposable polytopes. 

Proof. Let Pi X P 2 • • • * Pk = Qi * Q2 * • • ■ * Qs, where Pi,Qj are polytopes, 

^ dim Pi ^ dim P2 < ■ • < dim Pk, < dim Q\ < dim Q 2 ^ • • • ^ dim Q s 

and each polytope Pi and can not be decomposed as a join of polytopes of lower dimensions. Let 
dimPfe ^ dimQ s . Consider the face 0*0^- • -^Pk- It can be represented in the form G\ *G2*- • -*G S , 
where Gj is a face of Qj. Since P& is join- indecomposable, all Gj but one should be equal to 0, and 
one of them should be equal to Pk- Let Pk = G r . Then Pk is a face of Q r , so Pk = Q r , since 
dimPfc ^ dimQ s ^ dimQ r . Without loss of generality we can take r = s. 

We have P'f Ft = Q'xPjt, and the combinatorial equivalence identifies the face 0f ft of the first 
polytope with the same face * Pk of the second. Consider the face P' * 0. It should have the form 
G\ * G2 where Gi is a face of Q' and G2 is a face of Pk- Then * G2 should be a face of * P& and 
P' * 0, therefore G 2 = and G\ = P' . Since dimP' = dimQ', we see that P' = Q' . 

So Pi * P 2 * • • • * Pfc_i = Q\ X Q2 * ■ ■ ■ Qs-i- Let s ^ k. Iterating this step in the end we obtain 
Pi = Qi * Q2 * • • • * Qs-fc+i- Therefore fc = s and Pi = Qi. 

Thus each polytope can be decomposed in a unique up to permutations way as Pi * • • • * Pk , where 
Pj are join-indecomposable. Since TZV additively is a free abelian group generated by combinatorial 
polytopes and 0, it is a ring of polynomials generated by all join- indecomposable polytopes. □ 

C Examples 

Proposition C.l. Any monomial such that M w G F(1ZV) has the form M^k+i), k ^ 0. 
Proof. Indeed, for the monomial M( ai) ... )0fc ) we have 

M (oi , „ fc) (t, -t, h, t 2 , . . . ) = M (oi , „»)(*!, *2, -..) + (* ai + ) M (a 2 , .... o fc )(*l' *2. • • • ) + 

+ (-i r ^+^M (a3 ,... iafc) 
If fc ^ 2 the last summand does not cancel, so fc = 1. For M(„) with n = 2Z + 1 we have 

M (2m) (*!,..., -t, ti, . . . ) = + - ' •+<-i + i 1 + i2 ' +1 -* 2i+1 + i f + ' ' • = M (2l+1) (*i, ■ ■ • , *i, • ■ • 

while for n = 2? the term containing i 2 ' + (— t) 21 does not cancel. □ 
Proposition C.2. M (2/s+1>2m) - M (2m , 2 fc+i) G F(7eP) 
Proof. Indeed, 

M(2k+i,2i+i)(ti-, ■ ■ ■ ,U-i,t, —t,U, . . . ) = M( 2 /;_|_i i2 z_|_i)(ti, . . . ,ti-i,U, . . .)+ 

_|_ t 2fe+1^2Z+l _|_ j-_^2/+l) _|_ y^2fc+l _|_ j-_^2fe+1^2i+l _|_ ^_ 1 ^2Z + l t 2fc+2i+2 

Then 

{M(2k+l, 21+1) — M(2l + l, 2fe+l)) {tl, ■ • • , ti-l,t, —t, ti,...) = 

,21+1) - M(2l + l,2k+l)) {tl,-- - ,U-1, ti, .. .) 

□ 

This proposition can be generalized. 

Proposition C.3. Let (ji, . . . , jk) be the set of odd positive integer numbers. Then the quasi- symmetric 
polynomial 

H ( _1 )' JM (ja(i),-,j<, W ) 

belongs to the image o/F. 
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Proof. Indeed, since ji are odd, we have 

M(j u ... ,ife)(*i! • • • 7 h-i, t, —t, U, . . . ) = Mq u ...,j k )(h, ■ ■ ■ , U-ii U, ■ ■ ■ ) — 

V tf ...ti' iJ. + l+J. + 2p' + 3 ...tf* 

/i <•••</» <i</»+3 <•••<(*! 

For any pair (js+i, js+2) there exists a unique monomial Mu x ^ j s+3 , j i+I ,j i+3 , an d this mono- 
mial has the opposite sign. Therefore all the monomials of the form t\° {1) . . . t^ ls) +-M.+2) f£ ( ' +3) . . . t 
vanish. □ 

Let us calculate the image of the Ehrenborg transformation F in small dimensions. 

n = The image of the point x = pt is Mn\ = o~\. So 

F{KP 2 ) = 3T((Z>*) 2 ) =Z(a 1 ). 

n = 1 The image of the segment I = pt * pt is M( 2 ) + 2M( li X ) = cr 2 . So 

F(7^ 4 ) = 3T((£>*) 4 ) = Z(a 2 ). 

n = 2 The image of the m-gon Af^ is 

M( 3 ) + mM( 2 , i) + mM( 1: 2 ) + 2mM( 1: i] i) = M( 3) + m(a-ier 2 - cr 3 ) 

Therefore, 

F(7^ 6 ) = 3r((2?*) 6 ) = Z(M (3) ,c7i(7 2 - as), 

where 

M (3) = F(4A 2 - 3/ 2 ), CTKTa - ff 3 = F(/ 2 - A 2 ), 
n = 3 The image of a 3-dimensional polytopc is 

A^(4) + /o-^(l,3) + /l-^(2,2) + fi^{S, 1) + /oiAi"(l, 1, 2) + /02Af(l, 2, 1) + /l 2-^(2, 1, 1) + /oi2-Af( lj Xj Xj X ) 

Since / - /i + /a = 2, / i = /02 = /12 = 2/ x , and / i 2 = 4/i, we obtain 

(M (4) + 2M (3i 1} ) + /o (M (li3) - M (3) !)) + / x (M (a , 2) + M (3i x) + 2 (a 1( 7 3 - 2<r 4 )) , 

Then 

F(7^ 8 ) = Or((P*) 8 ) = Z(M (4) + 2M (3i 1); M (1 , 3 ) - M (3 , x) , M (2 , 2) + M (3 , x) + 2 (<7 X a 3 - 2a 4 )>, 
where 

M (4) + 2M (3 , 1} = F(5A 3 - 6C7 2 + 2BA 2 ), M (1) 3) - M (3) x) = F(- A 3 + 3d 2 - 2BA 2 ) 



M (2i2) + Af (3jl) + 2 (<7K7 3 - 2a 4 ) = F(-Cr + BA ) 
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